


Vwlfn| Sulfhv dqg wkh Qrplqdo H�hfwv ri Uhdo Vkrfnv

Kdqv Ghzdfkwhu
�dqg Kdqqr Oxvwlj

Fdwkrolf Xqlyhuvlw| ri Ohxyhq

Dxjxvw 58/ 4<<;

Devwudfw

Edoo dqg Pdqnlz +4<<8, kdyh sursrvhg d qryho wkhru| ri vkruw0uxq lq dwlrq gulyhq e|
uhodwlyh sulfh vkrfnv dqg qrplqdo uljlglwlhv1 Li �upv rqo| dgmxvw sulfhv lq uhvsrqvh wr
odujh vkrfnv/ wkh jhqhudo sulfh ohyho lqfuhdvhv zkhq wkh glvwulexwlrq ri lglrv|qfudwlf
sulfh vkrfnv lv vnhzhg wr wkh uljkw1 Wklv w|sh ri vnhzqhvv lv lqwhusuhwhg dv d qhjdwlyh
djjuhjdwh vxsso| vkrfn1 Lq Edoo dqg Pdqnlz*v prgho wkh lq dwlrqdu| h�hfwv ri vxs0
so| vkrfnv duh uhodwlyho| vpdoo1 Wklv sdshu h{whqgv wkh Edoo dqg Pdqnlz prgho e|
lqwurgxflqj lqwhudfwlrq dprqj sulfh0vhwwhuv1 Wklv lpsolhv �upv wdnh h{shfwhg lq d0
wlrq lqwr dffrxqw zkhq vhwwlqj sulfhv1 Lq d udwlrqdo h{shfwdwlrqv htxloleulxp wkh udwh
ri lq dwlrq wxuqv rxw wr eh vxevwdqwldoo| kljkhu zkhq lqglylgxdo sulfhv uhvsrqg wr
h{shfwhg lq dwlrq1 Wklv uhvxow eulqjv wkh Edoo dqg Pdqnlz prgho*v nh| txdqwlwdwlyh
suhglfwlrqv lq olqh zlwk wkh vw|ol}hg idfwv rq lq dwlrq dqg hqkdqfhv lwv xvhixoqhvv dv
dq h{sodqdwlrq ri lq dwlrq yduldelolw|1

Nh|zrugv= Vxsso| vkrfnv/ lq dwlrq/ phqx frvwv1

M1H1O1= H64

�Fruuhvsrqglqj dxwkru= Kdqv Ghzdfkwhu/ Fhqwhu iru Hfrqrplf Vwxglhv/ Qddpvhvwuddw 9</ 6333 Ohxyhq/

Ehojlxp/ hpdlo= Kdqv1GhzdfkwhuChfrq1NxOhxyhq1df1eh1 Kdqqr Oxvwlj lv d judgxdwh vwxghqw dw wkh Ghsw1

ri Hfrqrplfv/ Vwdqirug Xqlyhuvlw|/ dqg judwhixoo| dfnqrzohgjhv �qdqfldo vxssruw iurp IZR0Yoddqghuhq

dqg wkh Ehojldq Dphulfdq Hgxfdwlrq Irxqgdwlrq1 Zh wkdqn Ilols Deudkdp dqg \xqxv Dnvr| iru wkhlu

frpphqwv1 Doo uhpdlqlqj huuruv duh rxuv1
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4 Lqwurgxfwlrq

Wkh jhqhudo frqvhqvxv dprqj pdfurhfrqrplvwv lv wkdw lq dwlrq lv suhgrplqdqwo| d prq0

hwdu| skhqrphqrq lq wkh orqj uxq= vkrfnv wr uhdo yduldeohv duh wdnhq wr kdyh olwwoh ru

qr orqj0uxq h�hfw rq lq dwlrq1 Qrqhwkhohvv/ wkh vkruw0uxq ehkdylru ri lq dwlrq pd| eh

d�hfwhg e| d ydulhw| ri qrq0prqhwdu| vkrfnv1 Vlqfh wkh �uvw RSHF rlo vkrfn/ hfrqrplvwv

kdyh lqfuhdvlqjo| vwuhvvhg wkh uroh ri vxsso| vkrfnv lq dffrxqwlqj iru vxgghq +vkruw0uxq,

vslnhv dqg gursv lq wkh udwh ri lq dwlrq1 Krzhyhu/ lghqwli|lqj wkh h{dfw fkdqqhov wkurxjk

zklfk vxsso| vkrfnv d�hfw lq dwlrq wxuqv rxw wr eh vxusulvlqjo| kdug1 Lq idfw/ wkh fodvvlfdo

wkhru| vwdwhv wkdw lqgxvwu| vshfl�f vxsso| vkrfnv rqo| d�hfw uhodwlyh sulfhv/ vhh iru lqvwdqfh

Iulhgpdq +4<:8,14

Edoo dqg Pdqnlz +4<<8, r�hu d qhz dqg fkdoohqjlqj h{sodqdwlrq iru wkh lq dwlrqdu|

h�hfwv ri vxsso| vkrfnv e| lqwurgxflqj sulfh vwlfnlqhvv lqwr wkh dqdo|vlv51 Wkh| dujxh

wkdw wkh fodvvlfdo glfkrwrp| ehwzhhq uhodwlyh dqg jhqhudo sulfh fkdqjhv rqo| krogv xqghu

ixoo  h{lelolw| ri sulfhv1 Xvlqj d prgho lq zklfk sulfhv uhvsrqg rqo| wr odujh vkrfnv/

wkh| vkrz wkdw wkh glvwulexwlrq ri vkrfnv dfurvv �upv +vhfwruv, ghwhuplqhv li dqg wr zkdw

h{whqw wkh lq dwlrq udwh lv d�hfwhg1 Pruh sduwlfxoduo|/ wkh jhqhudo sulfh ohyho ulvhv zkhq

wkh glvwulexwlrq ri wkh �upv* ghvluhg sulfh fkdqjhv lv vnhzhg wr wkh uljkw1 Frqyhuvho|/ lw

ghfuhdvhv zkhq wkh glvwulexwlrq lv vnhzhg wr wkh ohiw1 Wkh lqwxlwlrq lv vlpsoh1 Vxssrvh

wkh hfrqrp| lv klw e| d qhjdwlyh vxsso| vkrfn1 Lq wklv prgho wklv phdqv wkh glvwulexwlrq

ri ghvluhg sulfh fkdqjhv lv vnhzhg wr wkh uljkw1 Vlqfh �upv rqo| dgmxvw sulfhv wr wkh qhz

ghvluhg sulfh ohyho li wkh ghvluhg fkdqjh lv vx!flhqwo| odujh/ srvlwlyh vnhzqhvv ri ghvluhg

sulfh fkdqjhv lpsolhv wkdw odujh srvlwlyh sulfh fkdqjhv duh pruh olnho| wr rffxu wkdq odujh

qhjdwlyh sulfh fkdqjhv1 Dv d uhvxow/ wkh h�hfwv ri uhodwlyh sulfh lqfuhdvhv rq wkh jhqhudo

4Wkh iroorzlqj txrwdwlrq ri Iulhgpdq +4<:8,/ dv sxeolvkhg lq Edoo dqg Pdqnlz +4<<8,/ vxppdul}hv wklv
ylhz shuihfwo|= �111 lw lv hvvhqwldo wr glvwlqjxlvk fkdqjhv lq uhodwlyh sulfhv iurp devroxwh sulfhv1 Wkh vshfldo
frqglwlrqv wkdw guryh xs wkh sulfh ri rlo dqg irrg uhtxluhg sxufkdvhuv wr vshqg pruh rq wkhp/ ohdylqj
wkhp ohvv wr vshqg rq rwkhu lwhpv1 Glg wkdw qrw irufh rwkhu sulfhv wr jr grzq ru wr ulvh ohvv udslgo| wkdq
rwkhuzlvhB Zk| vkrxog wkh dyhudjh ohyho ri sulfhv eh d�hfwhg vljql�fdqwo| e| fkdqjhv lq wkh sulfh ri vrph

wklqjv uhodwlyh wr rwkhuvB 111 1
5Lq d qxpehu ri vlplodu frqwulexwlrqv rlo sulfhv zhuh dvvxphg wr eh  h{leoh/ zkloh rwkhu sulfhv zhuh

dvvxphg uljlg1 Lq wklv vhwwlqj dq lqfuhdvh lq wkh uhodwlyh sulfh ri rlo fdq udlvhv wkh jhqhudo sulfh ohyho +vhh
iru h{dpsoh Jrugrq/ 4<:8,1
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sulfh ohyho rxwzhljk wkh h�hfwv ri uhodwlyh sulfh ghfuhdvhv1 Wklv lqgxfhv srvlwlyh udwhv ri

lq dwlrq1

Edoo dqg Pdqnlz +4<<8, surylgh txlwh vrph hpslulfdo hylghqfh lq vxssruw ri wkh olqn

ehwzhhq lq dwlrq dqg wkh vnhzqhvv ri vhfwruldo sulfh fkdqjhv rq wkh edvlv ri SSL gdwd1

Frpsdulqj sulfhv lq gl�huhqw XV1 flwlhv/ Ghehooh dqg Odprqw +4<<:, dovr �qg d vwurqj

dqg urexvw srvlwlyh fruuhodwlrq ri lq dwlrq dqg lqwhupdunhw uhodwlyh sulfh yduldelolw|/ dv

suhglfwhg e| wkh Edoo dqg Pdqnlz prgho1 Dssduhqwo|/ wkh pdlq txdolwdwlyh suhglfwlrqv ri

wkh prgho +lq whupv ri fruuhodwlrqv ehwzhhq vnhzqhvv ri vhfwruldo lqglfhv dqg wkh lq dwlrq

udwh, duh lq olqh zlwk wkh hpslulfdo hylghqfh16

Rqh wkhruhwlfdo gudzedfn ri wkh prgho lv wkdw lw ljqruhv lqwhudfwlrq dprqj sulfh0vhwwhuv1

Dowkrxjk d srvvleo| qrq0}hur lq dwlrq udwh uhvxowv/ �upv gr qrw wdnh wklv lq dwlrq lqwr df0

frxqw zkhq ghflglqj rq wkh vl}h dqg iuhtxhqf| ri dgmxvwphqwv1 Wklv uhvwulfwlyh dvvxpswlrq

lv gursshg e| doorzlqj iru lqwhudfwlrq dprqj sulfh0vhwwhuv1 Lq rxu vhwwlqj/ zkhq �upv dq0

wlflsdwh fkdqjhv lq wkh udwh ri lq dwlrq/ wkh| dgmxvw wkhlu ghvluhg sulfhv dffruglqjo|/ hyhq

li ohvv wkdq rqh0iru0rqh1 Khqfh/ zkhq djhqwv h{shfw vxsso| vkrfnv wr eh lq dwlrqdu|/ wkh|

udlvh wkhlu sulfhv e| hyhq pruh li wkh| duh lq wkh xsshu wdlo ri wkh ghvluhg sulfh fkdqjh

glvwulexwlrq1 Lq wkh orzhu wdlo ri wkh glvwulexwlrq/ �upv orzhu wkhlu sulfhv e| ohvv1 Wkh qhw

h�hfw lv dq hyhq odujhu lqfuhdvh lq wkh jhqhudo sulfh ohyho1

Qrw vxusulvlqjo|/ wklv h{whqghg yhuvlrq ri wkh prgho grhv d pxfk ehwwhu mre dw pdwfklqj

wkh vw|ol}hg idfwv ri XV lq dwlrq1 Wkh lq dwlrqdu| h�hfw ri d qhjdwlyh vxsso| vkrfn wxuqv

rxw wr eh vxevwdqwldoo| odujhu zkhq lq dwlrq h{shfwdwlrqv duh lqwurgxfhg1 Iru uhdvrqdeoh

sdudphwul}dwlrqv/ wkh lq dwlrqdu| h�hfwv ri vxsso| vkrfnv lq wkh qr0lqwhudfwlrq fdvh +l1h1

wkh Edoo dqg Pdqnlz fdvh, uhpdlq txlwh vpdoo dqg gr qrw h{fhhg 4( +vhh Edoo dqg Pdqnlz/

4<<8/ s1 4:4,1 Wklv xsshu erxqg fdq eh xqghuvwrrg lq wkh iroorzlqj zd|1 Vlqfh vxsso|

vkrfnv lq wklv prgho h{sodlq sulpdulo| vkruw uxq lq dwlrq/ wkh uhohydqw jdxjh iru wkh xsshu

erxqg lv wkh vwdqgdug ghyldwlrq ri wkh lq dwlrq lqqrydwlrqv1 Xvlqj Wdeohv LL dqg LLLD lq

6 Lq dgglwlrq/ wkh prgho kdv lqwhuhvwlqj wkhruhwlfdo lpsolfdwlrqv1 Dv lw wxuqv rxw/ phqx0frvw prghov qrw
rqo| dffrxqw iru wkh uhdo h�hfwv ri qrplqdo vkrfnv> wkhvh prghov dovr h{sodlq wkh qrplqdo +lq dwlrqdu|,
h�hfwv ri uhdo vkrfnv/ dv dujxhg e| Edoo dqg Pdqnlz +4<<8,1
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Edoo dqg Pdqnlz/ wkh phdq ri lq dwlrq ryhu wkh shulrg 4<7;04<;< lv 618( dqg wkh vwdqgdug

ghyldwlrqv ri wkh lq dwlrq vkrfnv +lqqrydwlrqv, lv derxw 61<:(17 Dv vxfk/ wklv prgho fohduo|

lv qrw fdsdeoh ri surgxflqj vx!flhqw lq dwlrq wr txdoli| dv d ydoxdeoh wkhru| ri vkruw0uxq

lq dwlrq1 Lqwurgxflqj lq dwlrq h{shfwdwlrqv udlvhv wklv xsshu erxqg frqvlghudeo| wr derxw

918(1 Wklv uhvxow fohduo| dggv vrph hpsulfdo uhohydqfh wr wkh prgho*v lqwxlwlyh dsshdo

lq vkrzlqj wkdw lw lv dw ohdvw fdsdeoh ri jhqhudwlqj wkh uljkw qxpehuv1 Lq wkhru|/ vxsso|

vkrfnv fdq eh wkh pdlq irufh gulylqj vkruw0uxq lq dwlrq yduldelolw|1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg lq irxu vhfwlrqv1 Wkh vhfrqg vhfwlrq frqwdlqv dq

rxwolqh ri wkh prgho dqg lwv xqghuo|lqj dvvxpswlrqv1 Zh ghulyh wkh udwlrqdo h{shfwdwlrqv

htxloleulxp lq dwlrq udwh dv d �{hg srlqw iurp wkh pdsslqj ri lq dwlrqdu| h{shfwdwlrqv

wr dfwxdo lq dwlrq1 Xvlqj d qxpehu ri sursrvlwlrqv zh fkdudfwhul}h wkh surshuwlhv ri wklv

htxloleulxp lq dwlrq udwh1 Vhfwlrq 6 frpsduhv wkh lq dwlrqdu| h�hfwv ri vxsso| vkrfnv

lq wkh Edoo dqg Pdqnlz ehqfkpdun prgho wr wkh h�hfwv rewdlqhg lq rxu vhwwlqj1 Rxu

vlpxodwlrqv looxvwudwh wkdw wkh lq dwlrqdu| h�hfw lv lqyduldeo| odujhu wkdq lq wkh ehqfkpdun

qr0lqwhudfwlrq fdvh1 Vhfwlrq 7 frqfoxghv e| vxppdul}lqj wkh pdlq �qglqjv1

7Wkh vwdqgdug ghyldwlrq ri wkh lq dwlrq lqqrydwlrqv zdv fdofxodwhg dv iroorzv= wkh vwdqgdug ghyldwlrq
ri wkh lq dwlrq udwh ryhu 4<7;04<;< lv 719;(1 Lq rughu wr frpsxwh wkh vwdqgdug ghyldwlrq ri lq dwlrq lqqr0
ydwlrqv/ zh xvh d DU+4, prgho iru lq dwlrq= �w @ ��w�4 .xw= Edoo dqg Pdqnlz +4<<8, hvwlpdwh � dw 3185:

+vhh wdeoh LLLD,= Wkh vwdqgdug ghyldwlrq ri lq dwlrq lqqrydwlrq khqfh lv jlyhq e| �x @
�
+4� �

5,�5
�

�4@5
@

61<:(1
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5 Wkhruhwlfdo Prgho

Zh eulh | rxwolqh wkh ghwhuplqdqwv ri wkh �up*v sulfh0vhwwlqj vwudwhj| lq prqrsrolvwlf

frpshwlwlrq iudphzrun1 Eodqfkdug dqg N|rwdnl +4<;:, slrqhhuhg wkhvh prghov wr dqdo|}h

wkh h�hfwv ri qrplqdo uljlglwlhv lq d jhqhudo htxloleulxp vhwwlqj1

514 Dvvxpswlrqv dqg vhw0xs ri wkh prgho

Frqvlghulqj dq hfrqrp| frqvlvwlqj ri d frqwlqxxp ri lqgxvwulhv/ lqgh{hg e| �c Edoo dqg

Urphu +4<;<, ghulyhg/ xvlqj d prgho lq wkh yhlq ri Eodqfkdug dqg N|rwdnl +4<;:,/ wkh

ghvluhg sulfh ri d w|slfdo �up lq lqgxvwu| �c RW�c|c dv=

R
W

�c| ' �6| n E�� ��.|3�ER|� n �w�c|c +4,

zkhuh R| ghqrwhv wkh jhqhudo sulfh ohyho +lq orjv,/ 6| ghqrwhv wkh qrplqdo prqh| vxsso|

+lq orjv,/ dqg w� lv dq lqgxvwu|0vshfl�f vkrfn18 Wkh sdudphwhuv � Ef � � 	 �� dqg � duh d

ixqfwlrq ri wkh hodvwlflw| ri vxevwlwxwlrq dqg wkh hodvwlflw| ri pdujlqdo glvxwlolw| z1u1w1 h�ruw

+Edoo dqg Urphu +4<;<,/ s1 4;5,1 Qrwh wkdw zh lpsolflwo| dvvxph wkdw lqgxvwu|0vshfl�f

vkrfnv duh revhuyhg ehiruh h{shfwdwlrqv derxw wkh jhqhudo sulfh ohyho duh iruphg1

Rxu dqdo|vlv lv vwdwlf/ dv lq Edoo dqg Pdqnlz +4<<8,1 Pruh vshfl�fdoo|/ zh dvvxph

8Wkh ghvluhg sulfh ohyho s� lv wkh sulfh fkdujhg e| wkh �up li qr qrplqdo uljlglwlhv duh suhvhqw1 Wkh

ghvluhg sulfh ghshqgv rq wkuhh idfwruv1 Wkh �uvw idfwru frpsulvhv uhdo vkrfnv +�,/ zduudqwlqj d fkdqjh lq
wkh lqglylgxdo sulfh uhodwlyh wr wkh jhqhudo sulfh ohyho1 Wkh uhpdlqlqj wzr ghwhuplqdqwv/ h{shfwhg jhqhudo
sulfh ohyho dqg wkh prqh| vxsso|/ hqwhu gxh wr wkh vr0fdoohg djjuhjdwh ghpdqg h{whuqdolw|/ vhh Gruqexvfk
dqg Ilvfkhu +4<;<,1 Wkh frqqhfwlrq ehwzhhq wkh ghvluhg sulfh ohyho/ wkh prqh| vxsso| dqg h{shfwhg jhqhudo
sulfh ohyho fdq eh vhhq e| uhzulwlqj +4, dv iroorzv=

s
��@ Hs. +4� y, ^p�Hs` .z�>

zkhuh p�Hs ghqrwhv wkh h{shfwhg uhdo prqh| edodqfhv1 Glvuhjduglqj wkh vhfrqg whup rq wkh UKV/ wkh
rswlpdo +lqglylgxdo, sulflqj uxoh hqvxuhv wkdw wkh h{shfwhg uhodwlyh sulfh htxdov wkh wdujhw uhodwlyh sulfh z�=
Vr/ d fkdqjh lq wkh jhqhudo sulfh ohyho zrxog eh dffrpsdqlhg e| dq htxlydohqw lqfuhdvh lq wkh lqglylgxdo
sulfh +dvvxplqj g� @ 3,= Krzhyhu/ wkhuh lv d vhfrqg h�hfw zklfk �upv wdnh lqwr frqvlghudwlrq/ l1h1 wkh h�hfw

ri jhqhudo sulfh fkdqjhv rq uhdo prqh| edodqfhv1 Li wkh jhqhudo sulfh fkdqjh lv qrw phw e| dq htxlydohqw

fkdqjh lq wkh prqh| vxsso|/ uhdo prqh| edodqfhv duh d�hfwhg dqg wkh djjuhjdwh ghpdqg iru jrrgv zloo

fkdqjh1 Wklv ghpdqg h{whuqdolw| wkhuhiruh pdnhv �upv dgmxvw sulfhv dovr dffrugdqfh wr h{shfwhg fkdqjhv
lq wkh uhdo prqh| edodqfhv1 Dq lqfuhdvh lq wkh sulfh ohyho/ qrw dffrpsdqlhg e| dq htxlydohqw lqfuhdvh lq
wkh prqh| vwrfn/ zloo rqo| sduwldoo| +l1h1 d iudfwlrq +4 � y,, eh lqfrusrudwhg lqwr wkh ghvluhg sulfh ohyho

ehfdxvh ri lwv qhjdwlyh h�hfw rq djjuhjdwh ghpdqg1
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wkdw E�� doo lqgxvwulhv duh sulflqj rswlpdoo| dw wkh rxwvhw + RW�c|3� ' R�c|3��/ E��� wkh prqh|

vxsso| lv frqvwdqw E6| ' 6|3�� dqg E���� qr vkrfnv rffxuuhg ehiruh wlph | Ew�c|3� ' f��

Xqghu wkhvh dvvxpswlrqv/ zh fdq h{suhvv wkh ghvluhg sulfh fkdqjh/ {R
W

�c|c dv d ixqfwlrq ri

h{shfwhg lq dwlrq dqg wkh lqgxvwu|0vshfl�f vkrfn lq | G 9

{R
W

�c| ' E� � ��Ze
| n �w�c|� +5,

Dowkrxjk lqgxvwulhv duh prghoohg dv krprjhqhrxv hqwlwlhv dv idu dv vkrfnv duh frqfhuqhg/

�upv zlwklq hdfk lqgxvwu| duh dvvxphg wr kdyh gl�huhqw ohyhov ri phqx frvwv/ S� c zkhuh

wkh lqgh{ � ghqrwhv d vshfl�f �up lq dq lqgxvwu|1 Pruh suhflvho|/ zlwklq hdfk lqgxvwu| �/

wkh glvwulexwlrq ri
s
S� +dfurvv wkh gl�huhqw �upv, lv prghohg e| phdqv ri d frqwlqxrxv

dqg prqrwrqlfdoo| lqfuhdvlqj fxpxodwlyh glvwulexwlrq ixqfwlrq CE��c zklfk lv dvvxphg wr

eh wkh vdph dfurvv lqgxvwulhv1 Dv vxfk/ wkh iudfwlrq ri �upv zlwklq hdfk lqgxvwu| zlwk

phqx frvwv vpdoohu ru htxdo wr
s

S lv jlyhq e| C E
s
S� �

Iroorzlqj Edoo dqg Urphu +4<;<, zh dvvxph wkdw wkh sur�w ixqfwlrq ri �up � lq lqgxvwu|

�c 5|E�c �� fdq eh dssur{lpdwhg e|=

5|E�c ��| ' �.|

k
E{R�c| �{R

W

�c|�
2
� S�

l
c +6,

zkhuh {R�c| ghqrwhv wkh �up*v revhuyhg sulfh fkdqjh ehwzhhq | dqg |� �/ dqg  ghqrwhv d

gxpp| yduldeoh wdnlqj wkh ydoxh � li wkh �up fkdqjhv lwv sulfh dqg f li lw grhv qrw dowhu

sulfhv1 Lq wklv rqh shulrg prgho/ d �up*v fkdqjh lq sulfh zloo htxdo wkh ghvluhg rqh/ vlqfh

phqx frvwv duh lqghshqghqw ri wkh vl}h ri wkh sulfh dgmxvwphqw1 Wkh ghflvlrq zkhwkhu ru

qrw wr fkdqjh sulfhv wkhq ghshqgv rq zkhwkhu ru qrw h{shfwhg sur�wv zloo eh kljkhu/ diwhu

9Qrwh wkdw htxdwlrq +5, suhvhqwv wkh sulflqj htxdwlrq lq devhqfh ri qrplqdo uljlglwlhv1 Wklv sulflqj
htxdwlrq rqo| gl�huv iurp wkh sulflqj htxdwlrq ri Edoo dqg Pdqnlz +4<<8, e| wkh lqfoxvlrq ri h{shfwhg
lq dwlrq1 Wkhuh lv dpsoh hfrqrphwulf hylghqfh wkdw �upv wdnh wkh jhqhudo lq dwlrq ohyho lqwr dffrxqw lq
wkhlu lqglylgxdo sulflqj uxohv1 Iru lqvwdqfh/ Fhffkhwwl +4<;9, shuirupv d vwxg| ri sulfh dgmxvwphqwv lq wkh
qhzvsdshu pdunhw1 Wkh pdlq �qglqj ri wklv sdshu lv wkdw wkh iuhtxhqf| ri sulfh dgmxvwphqwv lqfuhdvhv
vljql�fdqwo| zlwk wkh lq dwlrq udwh1 Wkh iuhtxhqf| ri sulfh uhylvlrqv grxeohg zkhq lq dwlrq zhqw irup
derxw 5( ryhu wkh shulrg 4<8604<98 wr doprvw ;( lq wkh 4<:3*v1 Wklv srvlwlyh fruuhodwlrq ehwzhhq wkh
iuhtxhqf| ri sulfh dgmxvwphqwv dqg wkh jhqhudo lq dwlrq lv dovr irxqg iru wkh hfrqrp| dv d zkroh/ vhh
Fhffkhwwl +4<;8,1 Wkhvh �qglqjv fdq eh lqwhusuhwhg dv vxssruwlqj hylghqfh iru lqfoxglqj wkh h{shfwhg
lq dwlrq lq wkh sulflqj uxoh ri lqglylgxdo �upv1

9



wdnlqj lqwr dffrxqw wkh frvwv ri sulfh dgmxvwphqw/ wkdq lq wkh fdvh ri qr dgmxvwphqw1 Pruh

irupdoo|/ �up � lq lqgxvwu| � zloo fkdqjh sulfhv li dqg rqo| li=

�
�
�{R

W

�c|

�
�
� ' mE�� ��Ze

n �w�m � s
S�� +7,

Khqfh/ wkh iudfwlrq ri �upv dgmxvwlqj sulfhv lv jlyhq e| C EmE� � ��Ze n �w�m� dqg frqvh0

txhqwo|/ wkh fkdqjh lq wkh lqgxvwu| �
�
r sulfh lqgh{/ ghqrwhg e| Z�c lv=

Z� ' EE�� ��Ze n �w��C EmE� � ��Ze n �w�m� � +8,

Ilqdoo|/ djjuhjdwlqj ryhu doo lqgxvwu| sulfh lqglfhv/ zh rewdlq wkh fkdqjh lq wkh jhqhudo

sulfh ohyho/ Zc dv=

Z '

]
n"

3"

EE�� ��Ze n �w�C EmE� � ��Ze n �wm� s Ew�_wc +9,

zkhuh djjuhjdwlrq lv dfklhyhg e| lqwhjudwlqj ryhu wkh ghqvlw| ri lqgxvwu| vshfl�f vkrfnv/

s Ew�� � Zh dvvxph wkh glvwulexwlrq ri lqgxvwu|0vshfl�f vkrfnv wr eh vxfk wkdw qr lq dwlrq

rewdlqv li doo �upv dgmxvw sulfhv1 Wklv erlov grzq wr dvvxplqj wkdw
U
ws Ew� _w ' > Ew� ' f�

Lq fdvh ri lqfrpsohwh sulfh dgmxvwphqw dv|pphwulhv lq wkh glvwulexwlrq ri vkrfnv jhqhudwh

qrq0}hur lq dwlrq hyhq wkrxjk wkh dyhudjh ri doo vkrfnv dfurvv lqgxvwulhv lv }hur1

515 Htxloleulxp lq dwlrq zlwk dqg zlwkrxw lqwhudfwlrq

Lq wkhlu vhplqdo duwlfoh Edoo dqg Pdqnlz +4<<8, frqvlghuhg wkh erughuolqh fdvh zkhuh � ' �c

khqfhiruwk uhihuuhg wr dv wkh qr0lqwhudfwlrq fdvh1 Xqghu wklv dvvxpswlrq sulfh0vhwwhuv gr

qrw wdnh lqwr dffrxqw wkh sulfh0vhwwlqj ehkdylru ri rwkhu vhfwruv zkhq ghwhuplqlqj wkh

ghvluhg sulfh fkdqjh1 Wkh uhvxowlqj lq dwlrq udwh/ dv gh�qhg lq ES�c wkhq uhgxfhv wr=

Z
?�
'

]
n"

f

E�w�C E�w� dsEw�� s E�w�o _w� +:,

Iurp htxdwlrq +:,/ lw lv reylrxv wkdw qrq0}hur udwhv ri lq dwlrq rewdlq li wkh glvwulexwlrq

ri lqgxvwu|0vshfl�f vkrfnv dqg khqfh ghvluhg sulfh fkdqjhv lv dv|pphwulf EsEw� 9' s E�w�

iru vrph w 5 dfc4��1 Qrwh dovr wkdw wkh h�hfw ri lglrv|qfudwlf vkrfnv rq wkh lq dwlrq udwh

:



ghshqgv rq wzr hohphqwv= wkh dv|pphwu| ri wkh glvwulexwlrq ri vkrfnv dfurvv lqgxvwulhv dqg

wkh glvwulexwlrq ri phqx frvwv zlwklq hdfk lqgxvwu|1 Rqh fdqqrw eh pruh h{solflw derxw

wkh lq dwlrqdu| h�hfwv wkdq vlpso| qrwlqj wkdw wkh| zloo eh qrq0}hur zlwkrxw lpsrvlqj

ixuwkhu dvvxpswlrqv rq erwk glvwulexwlrqv 1:

Vlqfh wkh pdlq dlp ri wklv sdshu lv wr frpsduh wkh lq dwlrqdu| h�hfwv ri vxsso| vkrfnv

lq wkh qr0lqwhudfwlrq dqg wkh lqwhudfwlrq fdvh/ wkh h{dfw ixqfwlrqdo vshfl�fdwlrqv ri s dqg

C duh qrw d pdwwhu ri frqfhuq1 Doo uhvxowv zloo eh uhodwhg wr wkh qr0lqwhudfwlrq ehqfkpdun

lq dwlrq udwh/ Z?�
�

Zh qrz h{whqg wkh Edoo dqg Pdqnlz +4<<8, vhw0xs e| doorzlqj iru lqwhudfwlrq dprqj

sulfh0vhwwhuv E� 	 ��� Lq wklv dssurdfk/ h{shfwdwlrqv qdwxudoo| sod| d fuxfldo uroh1 Zh

ghulyh d udwlrqdo h{shfwdwlrqv htxloleulxp lq zklfk djhqwv ixoo| dqwlflsdwh wkh lq dwlrqdu|

h�hfwv ri wkh vkrfnv1 Wkh lqwurgxfwlrq ri lq dwlrq h{shfwdwlrqv uhvxowv lq dq lqfuhdvh ri

wkh vhqvlwlylw| ri wkh jhqhudo sulfh ohyho wr wkh vnhzqhvv ri ghvluhg sulfh fkdqjhv/ dv zloo eh

vkrzq lq vhfwlrq �1

Qrwh wkdw lq d udwlrqdo h{shfwdwlrqv vhw0xs/ zlwk djhqwv nqrzlqj wkh frpsohwh glvwulexwlrq

ri vkrfnv ehiruh ghflvlrqv derxw fkdqjhv lq sulfhv duh wr eh pdgh/ uhdol}hg lq dwlrq pxvw

htxdo h{shfwhg lq dwlrq/ l1h1 Z ' Z
e1 Uhfdoo wkdw wkh pdsslqj iurp h{shfwdwlrqv wr

lq dwlrq lv jlyhq e|=

Z ' A EZe� '
]
n"

3"

EE�� ��Ze n �w�C EmE�� ��Ze n �wm� sEw�_wc +;,

zkhuh A E� lv d frqwlqxrxv pdsslqj iurp Z
e wr Z� Wkh htxloleulxp lq dwlrq udwh wkhuhiruh

lv jlyhq e| Z ' A EZe� ' A EZ�/ l1h1 wkh �{hg srlqw+v, ri wkh A E� pdsslqj1 Lq sursrvlwlrq

4/ zh ghprqvwudwh wkh h{lvwhqfh ri dq htxloleulxp lq dwlrq udwh lq wkh lqwhudfwlrq fdvh/ l1h1

wkhuh h{lvwv d Z vxfk wkdw Z ' A EZ� �

Sursrvlwlrq 4= Ohw s E�� dqg C E�� eh vxfk wkdw Z?� � fc wkhq wkhuh h{lvwv d Z 5 -n

:Li/ dv lq Edoo dqg Pdqnlz +4<<8,/ zh dvvxph wkdw J+=, lv h{srqhqwldoo| glvwulexwhg dqg wkh ghqvlw|

ri vkrfnv lv wkh vnhz0qrupdo rqh/ d rqh wr rqh uhodwlrq ehwzhhq lq dwlrq dqg vnhzqhvv ri vkrfnv fdq eh

hvwdeolvkhg1 Pruh vshfl�fdoo|/ wkh pruh srvlwlyho| vnhzhg wkh odwwhu glvwulexwlrq ehfrphv/ wkh vwurqjhu wkh

lq dwlrqdu| h�hfwv ri wkh vxsso| vkrfnv1

;



vxfk wkdw Z ' A EZ� � Dqdorjrxvo|/ ohw s E�� dqg C E�� eh vxfk wkdw Z?� � fc wkhq wkhuh

h{lvwv d Z 5 -
3

vxfk wkdw Z ' A EZ� �

Surri= Vhh Dsshqgl{

Xqltxhqhvv frxog qrw eh hvwdeolvkhg lq jhqhudo1 Krzhyhu/ wkh vlpxodwlrq uhvxowv uhsruwhg lq

vhfwlrq 6 vxjjhvw wkdw wkhuh lv rqo| rqh �{hg srlqw iru d zlgh vhw ri glvwulexwlrq ixqfwlrqv1

Qh{w/ zh hydoxdwh wkh surshuwlhv ri wkh udwlrqdo h{shfwdwlrqv htxloleulxp1 Iluvw/ qrwh

wkdw }hur0lq dwlrq lv wkh xqltxh �{hg srlqw zkhq sulfhv duh ixoo|  h{leoh;1 Wklv uhvxow

lv phuho| d uhvwdwhphqw ri wkh fodvvlfdo glfkrwrp| vhsdudwlqj uhodwlyh iurp devroxwh sulfh

fkdqjhv xqghu ixoo  h{lelolw| ri sulfhv= wkh udwh ri lq dwlrq lv xqd�hfwhg e| vhfwruldo vkrfnv1

Wklv fodlp lv irupdol}hg lq fruroodu| 41

Fruroodu| 4= Zkhq CE� ' � iru doo w wkhq Ze ' Z ' f lv wkh xqltxh �{hg srlqw ri wkh

pdsslqj A E��

Surri= Vhh Dsshqgl{1

Qrwlfh wkdw wklv uhvxow lv lqghshqghqw ri wkh h{dfw qdwxuh ri wkh glvwulexwlrq ri vhfwruldo

vkrfnv1 Wkh dv|pphwu| ri wkh glvwulexwlrq ri wkh vkrfnv kdv qr h�hfw rq wkh jhqhudo sulfh

ohyho dv orqj dv sulfhv dgmxvw lqvwdqwdqhrxvo|1

Vhfrqg/ lq dq hqylurqphqw zlwk qrplqdo uljlglwlhv/ hyhq zkhq lqwurgxflqj h{shfwdwlrqv/

lq dwlrq +vwloo kroglqj wkh prqh| vxsso| frqvwdqw, lv fdxvhg e| wkh dv|pphwu| ri wkh

glvwulexwlrq ri vkrfnv ryhu wkh lqgxvwulhv1 Uhfdoo wkdw �upv vxemhfw wr vkrfnv lq wkh xsshu

wdlo ri wkh sE� glvwulexwlrq udlvh sulfhv/ zkloh �upv lq wkh orzhu wdlo orzhu sulfhv1 Zkhq wklv

glvwulexwlrq lv ixoo| v|pphwulf/ wkh xsshu dqg orzhu wdlov kdyh htxdo suredelolw| pdvv dqg

wkh qhw h�hfw rq wkh jhqhudo sulfh ohyho lv }hur/ surylghg wkdw djhqwv h{shfw }hur0lq dwlrq

EZe
' f�1 Khqfh/ }hur0lq dwlrq lv d udwlrqdo h{shfwdwlrqv htxloleulxp1 Rq wkh rwkhu kdqg/

lw lv qrw rswlpdo iru djhqwv wr h{shfw sulfh vwdelolw| zkhq wkh glvwulexwlrq lv dv|pphwulf1

;
Qrwh wkdw wklv zloo dovr eh wkh fdvh li wkh yduldqfh ri wkh vkrfnv lv lq�qlwh1

<



Djhqwv h{shfwlqj }hur0lq dwlrq zloo lqyduldeo| eh plvwdnhq1 Vr/ lq wkh dv|pphwulf fdvh/

}hur0lq dwlrq fdqqrw eh d udwlrqdo h{shfwdwlrqv htxloleulxp1 Wklv uhvxow lv irupdol}hg lq

sursrvlwlrq 51

Sursrvlwlrq 5= Zkhq wkh glvwulexwlrq lv v|pphwulf EsEw� ' sE�w� iru doo w 5 +�c Z ' f

frqvwlwxwhv d �{hg srlqw ri wkh pdsslqj A E�� Zkhq wkh glvwulexwlrq lv dv|pphwulf/

vxfk wkdw Z
?� 9' fc dqg CE� 9' � iru doo w 5 +c Z ' f fdq eh uxohg rxw dv d �{hg srlqw

ri wkh pdsslqj A E��

Surri= Vhh Dsshqgl{

Wklug/ zh vkrz wkdw wkh lq dwlrq h{shfwdwlrq h�hfw dggv wr wkh vnhzqhvv h�hfw= lq d

udwlrqdo h{shfwdwlrqv htxloleulxp wkh devroxwh ydoxh ri wkh udwh ri +gh0, lq dwlrq h{fhhgv

mZ?�m/ wkh udwh ri lq dwlrq zkhq lq dwlrq h{shfwdwlrqv duh qlo EZ?�
� A Ef��1

Sursrvlwlrq 6= Li Z
?� : f/ wkhq dq| �{hg srlqw + ' A E+�c + 5 -n lv vxfk wkdw= + : Z?�

�

Li Z
?�
	 f/ wkhq dq| �{hg srlqw + ' A E+�c + 5 -3 lv vxfk wkdw= + 	 Z

?�
�

Surri= Vhh Dsshqgl{

Edoo dqg Pdqnlz +4<<8, glvuhjdug lqwhudfwlrq dprqj sulfh0vhwwhuv e| vhwwlqj � ' �1 Wklv

lpsolhv wkdw lqglylgxdo sulfhv gr qrw uhvsrqg wr +h{shfwhg, fkdqjhv lq wkh jhqhudo sulfh

ohyho1 Uhfdoo wkdw Z
?� ghqrwhv wkh htxloleulxp udwh ri lq dwlrq zkhq � ' �1 Qrwh wkdw

Z
?� htxdov A Ef� Eiru dq| � 5 dfc�o� / wkh udwh ri lq dwlrq wkdw rewdlqv zkhq lq dwlrq

h{shfwdwlrqv duh qlo1 Lw iroorzv iurp wkh suhylrxv sursrvlwlrq wkdw lqwurgxflqj lqwhudfwlrq

dprqj sulfh0vhwwhuv lqyduldeo| udlvhv htxloleulxp +gh0, lq dwlrq zkhq wkh glvwulexwlrq ri

vkrfnv lv dv|pphwulf1 Wklv uhvxow lv txlwh lqwxlwlyh1 Srvlwlyh lq dwlrq h{shfwdwlrqv fdxvh

dq lqfuhdvh lq wkh sursruwlrq ri �upv udlvlqj wkhlu sulfhv/ zkloh lw ghfuhdvhv wkh sursruwlrq

ri �upv orzhulqj wkhlu sulfhv1 Lq dgglwlrq/ �upv lq wkh xsshu wdlo udlvh sulfhv e| pruh/

zkloh �upv lq wkh orzhu wdlov ghfuhdvh sulfhv e| ohvv1 Wkh qhw h�hfw lv dq lqfuhdvh lq wkh
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lq dwlrqdu| h�hfw ri wkh dv|pphwulhv uhodwlyh wr wkh Edoo dqg Pdqnlz fdvh1 Wkh vl}h ri

wklv lqfuhdvh ghshqgv rq wkh hodvwlflw| ri lqglylgxdo ghvluhg sulfhv z1u1w1 wkh jhqhudo sulfh

ohyho E�� ��/ dv looxvwudwhg ehorz1

Ilqdoo|/ zh glvfxvv wkh �0sdudphwhu1 D vlpsoh wudqvirupdwlrq ri �c ���/ fdq eh lqwhusuhwhg

dv wkh hodvwlflw| ri lqglylgxdo ghvluhg sulfhv z1u1w1 wkh jhqhudo sulfh ohyho1 Dv wkh vhqvlwlylw|

ri lqglylgxdo sulfhv wr fkdqjhv lq wkh h{shfwhg udwh ri lq dwlrq/ E� � ��/ lqfuhdvhv/ wkh

htxloleulxp udwh ri +gh0, lq dwlrq lqfuhdvhv1

Sursrvlwlrq 7= Iru Ze
5 dfc4�c _A EZe�*_E���� � f� Iru Ze

5 E4c foc _A EZe�*_E���� �

f� Khqfh/ iru Z
?� : f wkh �{hg srlqw + ' A E+� 5 dfc4� lqfuhdvhv lq E� � ���

Frqyhuvho|/ zkhq Z
?� 	 f/ wkh �{hg srlqw + ' A E+� 5 E�4c fo ghfuhdvhv dv E� � ��

ghfuhdvhv1

Surri= Wkh surri lv reylrxv dqg kdv ehhq rplwwhg1

6 Vlpxodwlrqv

Wr dvvhvv wkh txdqwlwdwlyh lpsruwdqfh ri wkhvh uhvxowv/ vrph qxphulfdo fdofxodwlrqv duh

suhvhqwhg wkdw vkrz krz pxfk lqwhudfwlrq lqfuhdvhv wkh uhvsrqvlyhqhvv ri lq dwlrq wr wkh

vnhzqhvv ri wkh glvwulexwlrq ri lglrv|qfudwlf sulfh vkrfnv uhodwlyh wr wkh qr0lqwhudfwlrq fdvh1

Wr idflolwdwh wkh frpsdulvrq/ zh fkrvh wr uhsolfdwh wkh Edoo0Pdqnlz +4<<8/ s1 4:3, uhvxowv

e| slfnlqj wkh vdph ixqfwlrqv dqg sdudphwhu ydoxhv1 Dq h{srqhqwldo glvwulexwlrq zdv

fkrvhq iru wkh glvwulexwlrq ri phqx frvwv=

CE
s

S� ' � � i TE�@
s

S�c +<,

zkhuh @ zdv vhw htxdo wr vhyhq1 Wklv lpsolhv wkh phdq ydoxh ri
s

S lv �

.
� �DI1

< Wklv 48(

lqdfwlrq udqjh iru ghyldwlrqv ri dfwxdo iurp ghvluhg sulfhv fruuhvsrqgv pruh ri ohvv zlwk

wkh hpslulfdo hylghqfh rq sulfh0dgmxvwphqwv +Eolqghu/ 4<<4,1

<
H+
s
f, @

]
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3

s
f
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Iroorzlqj Edoo dqg Pdqnlz/ zh fkrvh wkh vnhz0qrupdo glvwulexwlrq iru sE� zklfk uhgxfhv

wr wkh qrupdo glvwulexwlrq dv wkh vnhzqhvv whqgv wr }hur +vhh D}}dolql/ 4<;8,1 Reylrxvo|

zh prghoohg wkh udqgrp yduldeoh vxfk wkdw wkh phdq htxdov }hur1 Khqfh/ lq wkh shuihfw

 h{lelolw| fdvh/ CE� ' �c qr lq dwlrq zrxog rffxu1

Ehorz zh h{dplqh wkh h�hfwv ri yduldwlrqv lq wkh vnhzqhvv dqg vwdqgdug ghyldwlrq ri

w +ghqrwhg j Ew� dqg & Ew�, rq wkh prphqwv ri lqgxvwu| sulfh fkdqjhv/ Z�c dv gh�qhg lq

htxdwlrq ED�1 Wkh prphqwv ri lqgxvwu| sulfh fkdqjhv duh ghqrwhg >
R
c jR dqg &R uhvshfwlyho|1

Uhfdoo wkdw >
R
lv lq idfw wkh udwh ri lq dwlrq lq wkh hfrqrp| zkloh jR dqg &R ghqrwh

wkh vwdqgdug ghyldwlrq dqg wkh vnhzqhvv ri wkh fkdqjhv lq wkh vhfwruldo sulfh lqglfhv/

uhvshfwlyho|1

Lq dgglwlrq/ zh uhsruw uhvxowv iru gl�huhqw ydoxhv ri wkh jhqhudo sulfh ohyho hodvwlflw|

E� � ��� Zkhq � ' �/ lqglylgxdo ghvluhg sulfhv gr qrw uhvsrqg wr dqwlflsdwhg fkdqjhv

lq wkh ryhudoo sulfh ohyho1 Wklv lv wkh fdvh frqvlghuhg e| Edoo dqg Pdqnlz1 Wkh uhvxowv

fruuhvsrqglqj wr wklv fdvh duh uhsruwhg lq wkh �uvw froxpq ri hyhu| wdeoh1 Wkh uhvxowv iru

� ' � duh qhduo| lghqwlfdo wr wkrvh uhsruwhg lq Edoo dqg Pdqnlz +4<<8/ s1 4:4,143 Dv

� ghfuhdvhv/ lqglylgxdo sulfhv uhdfw pruh vwurqjo| wr dqwlflsdwhg fkdqjhv lq wkh udwh ri

lq dwlrq1

LQVHUW WDEOHV 408

Wkh uhvxowv ri wkh vlpxodwlrq h{huflvh fdq eh irxqg lq wdeohv 4081 Hdfk wdeoh uhsruwv

prphqwv iru vhfwruldo sulfh fkdqjhv iru d gl�huhqw ydoxh ri & Ew� c wkh vnhzqhvv sdudphwhu

ri wkh glvwulexwlrq ri wkh vxsso| vkrfn/ w1 Doorzlqj & Ew� wr lqfuhdvh zkloh �{lqj � dqg j Ew� c

zh �qg wkdw wkh udwh ri lq dwlrq E>
R
� lqfuhdvhv prqrwrqlfdoo|/ dv hpskdvl}hg e| Edoo dqg

Pdqnlz1 Wklv krogv xqlirupo| iru doo ydoxhv ri �� Wr yhuli| wklv fodlp/ frpsduh wkh gl�huhqw

wdeohv/ iru �{hg ydoxhv ri j Ew� dqg �� Hylghqwo|/ wkh lqwurgxfwlrq ri lqwhudfwlrq dprqj

sulfh0vhwwhuv grhv qrw fkdqjh wklv sdwwhuq1 Dv wkh xsshu wdlo ehfrphv odujhu uhodwlyh wr wkh

orzhu wdlo/ wkh udwh ri lq dwlrq lqfuhdvhv dv pruh �upv vwduw wr udlvh sulfhv1 Lq dgglwlrq/ wkh

vnhzqhvv ri dfwxdo vhfwruldo sulfh fkdqjhv E&R� lqfuhdvhv dv wkh vnhzqhvv ri ghvluhg sulfh

43Wkh z sdudphwhu zdv qrupdolvhg wr 41
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fkdqjhv lqfuhdvhv E& Ew��1 Khqfh/ wkh uhodwlrq ehwzhhq lq dwlrq dqg vnhzqhvv ri vxsso|

vkrfnv wudqvodwhv lqwr d srvlwlyh uhodwlrq ehwzhhq lq dwlrq dqg vnhzqhvv ri vhfwruldo sulfh

fkdqjhv/ d idfw zklfk kdv ehhq yhul�hg e| Edoo dqg Pdqnlz1 Rxu h{whqvlrq/ krzhyhu/

vkrzv wkdw iru d jlyhq vnhzqhvv ohyho wkh lq dwlrqdu| h�hfwv zloo eh odujhu wkdq lq wkh

qr0lqwhudfwlrq fdvh1 Qrwh wkdw wkh vwdqgdug ghyldwlrq ri lqgxvwu| sulfh fkdqjhv/ jRc lv qrw

d�hfwhg e| yduldwlrqv lq wkh vnhzqhvv ri vkrfnv E& Ew��1

Qh{w/ frqvlghu wkh h�hfwv ri wkh vwdqgdug ghyldwlrq ri wkhvh vkrfnv Ej Ew��� H{dplqlqj

gl�huhqw urzv ri Wdeohv 408/ zh �qg wkdw d odujhu glvshuvlrq ri vxsso| vkrfnv/ j Ew�/ lpsolhv

d odujhu glvshuvlrq ri vhfwruldo sulfh fkdqjhv/ jR/ dv lv wr eh h{shfwhg� Pruh lqwhuhvwlqjo|/

iru vpdoo ydoxhv ri j Ew� c wkh h�hfw ri dq lqfuhdvh lq j Ew� rq >
R
lv srvlwlyh= dq lqfuhdvh

lq j Ew� lqlwldoo| whqgv wr lqgxfh kljkhu dyhudjh lq dwlrq1 Wkh lqfuhdvh lq wkh yduldqfh

pdjql�hv wkh dv|pphwu| ri wkh wdlov dqg/ khqfh/ udlvhv wkh qhw h�hfw rq wkh sulfh ohyho1

Dv j Ew� lqfuhdvhv eh|rqg 3158/ krzhyhu/ wkh uhodwlrq ehwzhhq j Ew� dqg >
R
uhyhuvhv1 Uhfdoo

wkdw }hur lq dwlrq rewdlqv dv j Ew� $ 4 +vhh irrwqrwh 8,1 Doo �upv dgmxvw dqg sulfhv duh

ixoo|  h{leoh1 Khqfh/ lq dwlrq grhv qrw ulvh prqrwrqlfdoo| lq wkh yduldqfh ri uhodwlyh sulfh

vkrfnv/ j Ew�1

Wr vhh wklv/ frqvlghu Iljxuhv 4 dqg 51 Wkhvh �jxuhv glvsod| Ze
rq wkh krul}rqwdo d{lv dqg

A EZe��Ze
rq wkh yhuwlfdo d{lv1 Iru & Ew� ' f�H dqg � ' f�Dc zh looxvwudwh wkh qrq0prqrwrqlf

h�hfwv ri lqfuhdvhv lq j Ew� � Wkh lqwhuvhfwlrq ri wkh olqhv zlwk wkh yhuwlfdo d{lv fruuhvsrqg

wr wkh Edoo dqg Pdqnlz udwh ri lq dwlrq/ Z?�
' Z

f
' A Ef� � Wkh lqwhuvhfwlrq zlwk wkh

krul}rqwdo d{lv fruuhvsrqgv wr rxu udwlrqdo h{shfwdwlrqv htxloleulxp/ l1h1 Z ' A EZ�1 Lw lv

reylrxv irup wkhvh �jxuhv wkdw rxu �{hg srlqw vroxwlrq + ' A E+� lqyduldeo| h{fhhgv Z?�
c dv

fodlphg lq Sursrvlwlrq 61 Iljxuh 4 vkrzv wkdw dq lqfuhdvh lq j Ew� vkliwv wkh A�pdsslqj

xszdugv/ udvlqj erwk Z?� dqg +/ iru ydoxhv ri j Ew� lq wkh dfcf�2Do udqjh1 Iljxuh 5 looxvwudwhv

wkdw wklv uhodwlrq uhyhuvhv rqfh j Ew� lqfuhdvhv eh|rqg wklv wkuhvkrog ohyho1 Wkh dprxqw

ri lq dwlrq zklfk fdq eh jhqhudwhg e| +vnhzhg, uhodwlyh sulfh vkrfnv lv wkhuhiruh fohduo|

frqvwudlqhg1 Rxu h{whqvlrq udlvhv wklv xsshu erxqg vljql�fdqwo| e| lqwurgxflqj wkh h�hfwv

ri lq dwlrq h{shfwdwlrqv1

Ilqdoo|/ zh phqwlrq wkh h�hfwv ri wkh �0sdudphwhu> E���� lv wkh hodvwlflw| ri lqglylgxdo
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ghvluhg sulfhv z1u1w1 wr wkh jhqhudo sulfh ohyho1 Orrnlqj dfurvv wkh froxpqv lq wdeohv 408/ zh

qrwh wkdw ghfuhdvhv lq � xqlirupo| udlvh >
R
c wkh udwh ri lq dwlrq/ dv fodlphg lq Sursrvlwlrq

71 Zkloh yduldwlrqv lq � gr qrw kdyh d qrwlfhdeoh h�hfw rq jR/ ghfuhdvhv lq � orzhu wkh

vnhzqhvv ri lqgxvwu| sulfh fkdqjhv/ &R� Iljxuh 7 jlyhv d judsklfdo dffrxqw ri wkh h�hfwv

ri �/ sorwwlqj Ze rq wkh krul}rqwdo d{lv dqg A EZe� � Z
e rq wkh yhuwlfdo d{lv1 Qrwh wkdw

wkh + ' A E+� htxloleulxp udwh ri lq dwlrq ghfuhdvhv prqrwrqlfdoo| lq �� Zh frqfoxgh wklv

vhfwlrq e| phqwlrqlqj wkdw zlwklq d zlgh udqjh ri ydoxhv iru lq dwlrq h{shfwdwlrqv wkhuh lv

rqo| rqh �{hg srlqw +vhh �jxuh 7,1 Iljxuh 7 vkrzv wkdw zlwklq wkh udqjh ri f wr efI wkhuh

lv rqo| rqh lqwhuvhfwlrq ri wkh + � A E+� ixqfwlrq/ lqglfdwlqj wkdw wkhuh lv rqo| rqh �{hg

srlqw wr eh irxqg lq wklv udqjh1 Dgglwlrqdo h{shulphqwv zkhuh wkh udqjh zdv lqfuhdvhg wr

ryhu 433( glg qrw dowhu wklv frqfoxvlrq1

7 Frqfoxvlrq

Wklv sdshu h{whqgv wkh Edoo dqg Pdqnlz +4<<8, prgho1 Lq wkhlu prgho vkruw0uxq lq dwlrq

lv wkh rxwfrph ri lglrv|qfudwlf sulfh vkrfnv dv|pphwulfdoo| ex�hwlqj ydulrxv lqgxvwulhv lq

wkh hfrqrp|1 Li rqo| d iudfwlrq ri �upv zlwklq d jlyhq lqgxvwu| dgmxvw sulfhv/ uhodwlyh sulfh

vkrfnv wxuq rxw wr eh +gh0, lq dwlrqdu|1 Rxu sdshu lqwurgxfhv lqwhudfwlrq dprqj sulfh

vhwwhuv/ d ihdwxuh zklfk zdv qrw suhvhqw lq Edoo dqg Pdqnlz*v ruljlqdo prgho1 Ilupv duh

dzduh ri wkh lq dwlrqdu| h�hfwv ri wkh vxsso| vkrfn dqg xvh wklv lqirupdwlrq wr ghwhuplqh

wkh rswlpdo sulfh uhvsrqvh wr wkh vxsso| vkrfn1

Dv lq Edoo dqgPdqnlz/ zh �qg d srvlwlyh fruuhodwlrq ehwzhhq lq dwlrq dqg wkh vnhzqhvv

ri lqgxvwu| sulfh fkdqjhv1 Iru uhdvrqdeoh sdudphwhu ydoxhv/ wkhlu yhuvlrq ri wkh prgho |lhogv

dq xsshu erxqg rq wkh vl}h ri lq dwlrq lqqrydwlrqv ri derxw 4(1 Lqwurgxflqj lq dwlrq

h{shfwdwlrqv udlvhv wklv xsshu erxqg wr zhoo ryhu 8(1 Wklv lqfuhdvh lv fuxfldo jlyhq wkdw

wkh vwdqgdug ghyldwlrq ri wkh srvw0zdu XV lq dwlrq lqqrydwlrqv lv dssur{lpdwho| 61<:(1

Li vxsso|0vkrfn gulyhq wkhrulhv ri lq dwlrq duh wr h{sodlq wkh revhuyhg vkruw0uxq lq dwlrq

yduldelolw|/ dffrxqwlqj iru lq dwlrq h{shfwdwlrqv vhhpv hvvhqwldo1
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Uhihuhqfhv

^4` D}}dolql Dghofkl/ +4<;8,/ D Fodvv ri Glvwulexwlrqv zklfk Lqfoxghv wkh Qrupdo Rqhv/

Vfdqglqdyldq Mrxuqdo ri Vwdwlvwlfv/ 45/ 4:404:;1

^5` Edoo Odxuhqfh dqg Gdylg Urphu/ +4<;<,/ Wkh Htxloleulxp dqg Rswlpdo Wlplqj ri

Sulfh Fkdqjhv/ Uhylhz ri Hfrqrplf Vwxglhv/ 89/ 4:<04<;1

^6` Edoo Odxuhqfh dqg Juhjru| Q1 Pdqnlz/ +4<<8,/ Uhodwlyh Sulfh Fkdqjhv dv Djjuhjdwh

Vxsso| Vkrfnv/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 443/49404<61

^7` Eodqfkdug Rolylhu M1 dqg Vwdqoh| Ilvfkhu/ +4<;<,/ Ohfwxuhv rq Pdfurhfrqrplfv/ PLW

Suhvv/ Fdpeulgjh/ 983 s1

^8` Eodqfkdug Rolylhu M1 dqg Qrexklur Nl|rwdnl/ +4<;:,/ Prqrsrolvwlf Frpshwlwlrq dqg

wkh H�hfwv ri Djjuhjdwh Ghpdqg/ Dphulfdq Hfrqrplf Uhylhz/ ::/ 97:09991

^9` Eolqghu Dodq V1/ +4<<4,/ Zk| Duh Sulfhv Vwlfn|B Suholplqdu| Hylghqfh iurp dq Lq0

whuylhz Vxuyh|/ Dphulfdq Hfrqrplf Uhylhz/ ;4/ ;<0<91

^:` Fhffkhwwl Vwhskhq1 J1/ +4<;8,/ Vwdjjhuhg Frqwudfwv dqg wkh Iuhtxhqf| ri Sulfh Dg0

mxvwphqw/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 433/ <580<8<1

^;` Fhffkhwwl Vwhskhq J1/ +4<;9,/ Wkh Iuhtxhqf| ri Sulfh Dgmxvwphqw= D Vwxg| ri wkh

Qhzvvwdqg Sulfhv ri Pdjd}lqhv/ Mrxuqdo ri Hfrqrphwulfv/ 64/ 58805:71

^<` Ghehooh Jx| dqg Rzhq Odprqw/ +4<<:,/ Uhodwlyh Sulfh Yduldelolw| dqg Lq dwlrq= Hy0

lghqfh irup XV Flwlhv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 438/ 46504851

^43` Hydqv Jhrujh Z1 dqg Jduh| Udph|/ +4<<5,/ H{shfwdwlrq Fdofxodwlrq dqg Pdfurhfr0

qrplf G|qdplfv/ Dphulfdq Hfrqrplf Uhylhz/ ;5/ 53:05571

^44` Iulhgpdq Plowrq/ +4<:8,/ Shuvshfwlyhv rq Lq dwlrq/ �e�r�ee&c Mxqh 57/ s1 :61

^45` Jrugrq Urehuw1 M1/ +4<:8,/ Dowhuqdwlyh Uhvsrqvhv ri Srolf| wr H{whuqdo Vxsso| Vkrfnv/

Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|/ 4;605391
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Dsshqgl{

Surri ri Sursrvlwlrq 4= Ohw iZe

?
j ghqrwh dq lqfuhdvlqj vhtxhqfh1 Wkhq

is?j ' iEE�� ��Ze
?
n �w��C EmE�� ��Ze

?
n �wm�j

lv d prqrwrqh lqfuhdvlqj vhtxhqfh ri ixqfwlrqv frqyhujlqj wr s? ' E� � ��Ze

?
n �w iru Ze

?

odujh hqrxjk� Iurp wkh prqrwrqh frqyhujhqfh wkhruhp=

*�4
Z
e
<"

E�� ��Ze ' *�4
?<"

A EZe

?
�c

zklfk lpsolhv wkdw wkhuh h{lvwv d �qlwh % 5 ?n vxfk wkdw A E%� ' E� � ��% n 0/ zkhuh 0

lv duelwudulo| vpdoo1 Frqvlghu wkh fdvh zkhuh Z
?�
� A Ef� � f� Vlqfh A E�� lv d frqwlqxrxv

ixqfwlrq rq dfc %o/ lw iroorzv wkdw wkhuh h{lvwv d �{hg srlqw/ % ' A E%�/ rq dfc %o vlqfh A Ef� � f

dqg A E%� 	 %� Wklv frqfoxghv wkh h{lvwhqfh surri1

Surri ri Fruroodu| 4= Qrwh wkdw dfwxdo lq dwlrq lq wkh ixoo0dgmxvwphqw fdvh lv =

Z '

]
n"

3"

EE�� ��Ze n �w� sEw�_w

' E� � ��Zec

zklfk lpsolhv wkdw Z ' Z
e
' f lv wkh rqo| udwlrqdo h{shfwdwlrqv htxloleulxp1

49



Surri ri Sursrvlwlrq 5= Wkh �uvw fodlp lq Sursrvlwlrq 5 fdq hdvlo| eh yhul�hg e|

uhgh�qlqj wkh lqwhjudwlrq lqwhuydo=

Z ' A EZe�

' E�� ��Ze

]
n"

f

dC EmE� � ��Ze n �wm� sEw� nC Em�w � E� � ��Zem� sE�w�o _w n
]
n"

f

E�w� dC EmE�� ��Ze n �wm� sEw��C Em�w � E�� ��Zem� s E�w�o_w

+D14,

' E�� ��Ze

]
n"

f

dC EmE� � ��Ze n �wm� nC Em�w � E�� ��Zem�o sEw�_w n
]
n"

f

E�w� dC EmE�� ��Ze n �wm��C Em�w � E� � ��Zem�o s Ew�_wc

zkhuh zh kdyh xvhg v|pphwu| ri sE� Es Ew� ' s E�w�� lq wkh vhfrqg htxdolw|1 Wklv ghprq0

vwudwhv wkdw f lv d �{hg srlqw1 Yhuli| e| vhwwlqj Ze
' f lq wkh odvw htxdwlrq E����1

Qh{w/ zh suryh wkh vhfrqg sduw ri Sursrvlwlrq 51 Uhwxuq wr wkh �uvw htxdwlrq lq E����

dqg hydoxdwh wklv h{suhvvlrq lq Ze
' f1 Ohw Z

f
ghqrwh A Ef� G

Z
f ' A Ef� '

]
n"

f

E�w�C E�w� dsEw�� sE�w�o _wc

zkhuh Zf lv lq jhqhudo qrq0}hur vlqfh s E� lv qrw v|pphwulf1 Khqfh/ Zf 9' Z
e
' f1
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Surri ri Sursrvlwlrq 6=

Lq wklv surri zh frqvlghu wkh fdvh zkhuh Z
?�
' Z

f
' A Ef� : f1 Lq fdvh wkhuh lv

lqwhudfwlrq htxloleulxp lq dwlrq udwh/ %c kdv wr vroyh % ' A E%� G

% ' A E%� '
]
n"

3"

EE� � ��%n �w�C EmE�� ��%n �wm� s Ew�_w�

Ru/ htxlydohqwo|=

% '

U
n"

3"
E�w�C EmE� � ��%n �wm� sEw�_w

�� E�� ��
U
n"

3"
C EmE� � ��%n �wm� sEw�_w

�

Vlqfh C E�� lv erxqghg e| 3 dqg �c lw iroorzv wkdw wkh ghqrplqdwru zloo eh vpdoohu ru htxdo

wr �� Wkdw lv/ iru f � � � �= � � � � E� � ��
U
n"

3"
C EmE�� ��%n �wm� s Ew�_w � ��

Qh{w/ frqvlghu wkh qxphudwru=

]
n"

3"

E�w�C EmE� � ��%n �wm� sEw�_w '
]
n"

f

E�w�C EmE� � ��%n �wm� s Ew�_w n

]
f

3"

E�w�C EmE�� ��%n �wm� sEw�_w�

Qrwh wkdw iru wkh vhfrqg whup rq wkh OKV zh kdyh wkdw=

]
f

3"

E�w�C EmE� � ��%n �wm� s Ew�_w '
]
n"

f

� E�w�C Em�E� � ��%n �wm� sE�w�_w

vxfk wkdw wkh qxphudwru =

U
n"

3"
E�w�C EmE�� ��%n �wm� sEw�_w fdq eh uhzulwwhq dv=

]
n"

f

E�w� iC EmE� � ��%n �wm� sEw��C EmE�� ��%n �wm� sE�w�j _w�

Frqvlghu wkh fodvv ri srvlwlyh �{hg srlqwv/ l1h1 % : f� Wkhq= C EmE� � ��%n �wm� sEw� :

C Em�wm� s Ew� dqg C Em�E�� ��%n �wm� sE�w� 	 C Em�wm� s E�w� vlqfh CE�� lv d frqwlqxrxv

fxpxodwlyh glvwulexwlrq ixqfwlrq dqg khqfh prqrwrqlfdoo| lqfuhdvhv lq lwv dujxphqw1

Wkhuhiruh zh kdyh wkdw wkh qxphudwru

U
n"

3"
E�w�C EmE� � ��%n �wm� sEw�_w :

U
n"

f
E�w�C Em�wm� isEw�� sE�w�j _w � A Ef� �
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Ilqdoo|/ vlqfh wkh ghqrplqdwru lv vpdoohu ru htxdo wr � zh kdyh wkdw iru Z?� ' A Ef� : f/

wkhuh h{lvwv d �{hg srlqw % vxfk wkdw % : Z
?�
' A Ef� �

Wklv frqfoxghv wkh surri1 Dqdorjrxvo|/ zkhq Z
?�
	 f/ wkh htxloleulxp udwh ri gh dwlrq

lv odujhu wkhq wkh udwh ri gh dwlrq lq wkh devhqfh ri lq dwlrq h{shfwdwlrqv +l1h1 � ' ��1 Wkh

surri lv/ pxwdwlv pxwdqgl/ lghqwlfdo1
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Wdeohv=

Wdeoh 4= Prphqwv ri lqgxvwu| sulfh fkdqjhv dqg lq dwlrq +vnhzqhvv ri vxsso|
vkrfn@315,

& Ew� � 4 31< 318 314

315 j Ew� 3138

>
R

313338 313338 313339 31333;

jR 31354; 31354; 31354; 31354;

&R 31975 3196; 31957 3193

j Ew� 3143

315 >
R

313344 313345 313349 313359

jR 31398 31398 31398 31398

&R 31778 31774 31756 316:9

315 j Ew� 3148

>
R

313348 313349 313357 31337;

jR 3144: 3144: 3144: 3144:

&R 31679 31675 31654 31593

315 j Ew� 3153

>
R

31334: 31334; 31335< 31339;

jR 314:3 314:3 314:3 314:3

&R 315<4 315;; 315:3 31533

315 j Ew� 3158

>
R

31334: 31334; 313363 3133;6

jR 31558 31558 31558 31558

&R 3158< 3158: 31575 314:3
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Wdeoh 5= Prphqwv ri lqgxvwu| sulfh fkdqjhv dqg lq dwlrq +vnhzqhvv ri vxsso|
vkrfn@317,

& Ew� � 4 31< 318 314

317 j Ew� 3138

>
R

313343 313343 313346 313349

jR 31355 31355 31355 31355

&R 41564 41557 414<8 41487

j Ew� 314

317 >
R

313356 313358 313367 313387

jR 31399 31399 31399 31399

&R 31;98 31;8; 31;49 31:5:

317 j Ew� 3148

>
R

313364 313367 313383 313433

jR 3144: 3144: 3144: 3144:

&R 319:< 319:5 31963 31837

317 j Ew� 315

>
R

313368 31336: 313393 313475

jR 314:4 314:4 314:4 314:4

&R 318:9 318:3 31865 316;8

317 j Ew� 3158

>
R

313368 31336; 313396 3134:

jR 31558 31558 31558 31558

&R 31848 31844 317:; 31667
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Wdeoh 6= Prphqwv ri lqgxvwu| sulfh fkdqjhv dqg lq dwlrq +vnhzqhvv ri vxsso|
vkrfn@319,

& Ew� � 4 31< 318 314

319 j Ew� 3138

>
R

313348 313349 313353 313358

jR 31355 31355 31355 31355

&R 41::; 41:9; 41:55 41986

j Ew� 3143

319 >
R

313369 31336; 313386 3133;7

jR 31399 31399 31399 31399

&R 415:3 4158; 414;; 41376

319 j Ew� 3148

>
R

31337< 313386 3133:< 313488

jR 3144; 3144; 3144: 3144;

&R 41339 31<<9 31<59 31:56

319 j Ew� 315

>
R

313387 31338< 3133<7 313556

jR 314:3 314:3 314:3 314:3

&R 31;8; 31;7< 31:;; 31885

319 j Ew� 3158

>
R

313388 313393 313433 3135::

jR 31558 31558 31558 31558

&R 31::3 31:95 31:44 31799
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Wdeoh 7= Prphqwv ri lqgxvwu| sulfh fkdqjhv dqg lq dwlrq +vnhzqhvv ri vxsso|
vkrfn@31;,

& Ew� � 4 31< 318 314

31; j Ew� 3138

>
R

313354 313355 31335: 313367

jR 31355 31355 31355 31355

&R 515:3 5158< 514;; 513;9

j Ew� 3143

31; >
R

31337< 313386 3133:5 313448

jR 31399 31399 31399 31399

&R 4198: 41975 419:5 41673

31; j Ew� 3148

>
R

31339: 3133:6 313443 313549

jR 3144: 3144: 3144: 3144:

&R 41663 41648 41553 31<58

31; j Ew� 315

>
R

3133:8 3133;5 313463 313646

jR 314:3 314:3 314:3 314:3

&R 41476 41463 41378 31:34

31; j Ew� 3158

>
R

3133:9 3133;6 31346< 3136<5

jR 31557 31557 31557 31557

&R 4135< 4134< 31<78 318;:
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Wdeoh 8= Prphqwv ri lqgxvwu| sulfh fkdqjhv dqg lq dwlrq +vnhzqhvv ri vxsso|
vkrfn@31<<,

& Ew� � 4 31< 318 314

31<< j Ew� 3138

>
R

31335< 313364 31336: 31337:

jR 31355 31355 31355 31355

&R 51:9: 51:83 51998 51853

j Ew� 3143

31<< >
R

3133:4 3133:9 313438 313497

jR 31398 31398 31398 31398

&R 513;4 5138< 41<53 4193;

31<< j Ew� 3148

>
R

31343 31344 313498 31365

jR 31448 31448 31448 3144:

&R 419<: 419:8 41859 41398

31<< j Ew� 3153

>
R

31345 31346 31353 3137;

jR 3149: 3149: 3149: 314:4

&R 417:3 4177< 41647 31:7:

31<< j Ew� 3158

>
R

313463 313475 313568 313979

jR 31553 31553 31553 31559

&R 41658 4163: 414:: 31895
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Wdeoh 9= Prqhwdu| frqwudfwlrqv dqg vhqvlwlylw| ri lqgxvwu| sulfhv wr lq dwlrq

h{shfwdwlrqv1

� f6 A EZec f�

4 03133;8 3133:9

31< 03133<6 3133;6

31; 0313438 3133<6

319 0313474 31344<

318 031349< 31346<

317 0313544 313499

315 0313757 3135:3

314 0313;78 3136<5
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