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Devwudfw

Wklv sdshu vwxglhv wkh yhuwlfdo glvwulexwlrq duudqjhphqw ehwzhhq

pdqxidfwxuhuv dqg uhwdlohuv lq d wzr glphqvlrqdo krul}rqwdo surg0

xfw gl�huhqwldwlrq iudphzrun1 Surgxfwv duh gl�huhqwldwhg dorqj frq0

vxphuv* wdvwh dqg uhwdlohuv* orfdwlrq1 Wkh remhfwlyh ri wkh sdshu lv wr

dqdo|vh wkh lqfhqwlyh ri pdqxidfwxuhuv wr lpsrvh dq h{foxvlyh whuul0

wru| uhvwulfwlrq1 Zh frqvwuxfw d irxu0vwdjh jdph1 Lq wkh �uvw vwdjh

pdqxidfwxuhuv ghflgh wkh rswlpdo qxpehu ri uhwdlohuv1 Lq wkh vhfrqg

vwdjh pdqxidfwxuhuv ghflgh wkh zkrohvdoh sulfhv1 Lq wkh wklug vwdjh uh0

wdlohuv ghflgh wkh uhwdlo sulfhv1 Ilqdoo|/ lq wkh irxuwk vwdjh frqvxphuv

sxufkdvh jrrgv1 Zh vkrz wkdw wkh uhodwlyh pdjqlwxgh ri wkh wudqv0

sruwdwlrq dqg vxevwlwxwlrq frvwv lv fuxfldo lq ghwhuplqlqj wkh ghflvlrq

ri pdqxidfwxuhuv wr lpsrvh dq h{foxvlyh whuulwru| uhvwulfwlrq1

Nh|zrugv= yhuwlfdo glvwulexwlrq duudqjhphqw/ krul}rqwdo surgxfw

gl�huhqwldwlrq/ rswlpdo qxpehu ri uhwdlohuv1
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4 Lqwurgxfwlrq

Pdqxidfwxuhuv riwhq kdyh wr pdnh d fkrlfh ehwzhhq glvwulexwlqj wkhlu surg0
xfwv gluhfwo| ru ghohjdwlqj wkh surgxfw glvwulexwlrq wr lqghshqghqw uhwdlohuv1
Wkh fkrlfh reylrxvo| ghshqgv rq wkh frvw ri vhoi glvwulexwlqj wkh eudqgv uho0
dwlyh wr wkh frvw ri dssrlqwlqj lqghshqghqw uhwdlohuv1 Wkhvh frvwv zloo eh
ghwhuplqhg e| wkh vfdoh ri wkh surgxfwlrq surfhvv/ wkh vl}h ri wkh pdunhw
idfhg e| pdqxidfwxuhuv/ dqg wkh kdqgolqj frvw1 Lqghhg/ wkh frvw ri glvwule0
xwlqj surgxfwv pljkw eh surklelwlyho| kljk vxfk wkdw lw grhv qrw sd|0r� iru
pdqxidfwxuhuv wr kdqgoh wkh surgxfw glvwulexwlrq wkhpvhoyhv1 Wklv lv zkdw
zh riwhq vhh lq uhdolw| dv zhoo1 Iru lqvwdqfh/ fdu pdqxidfwxuhuv pruh ri0
whq glvwulexwh wkhlu eudqgv xvlqj rxwvlgh lqghshqghqw uhwdlohuv udwkhu wkdq
glvwulexwh wkh eudqgv wkhpvhoyhv +vhh P|flhovnl/ hw1do1/ 4<<:,1 Jlyhq wkh gh0
flvlrq ri pdqxidfwxuhuv wr xvh rxwvlgh lqghshqghqw uhwdlohuv/ wkh qh{w fuxfldo
lvvxh wr ghdo zlwk lv wkh ghvljq ri wkh rswlpdo glvwulexwlrq duudqjhphqw zlwk
uhwdlohuv1 Wklv sdshu zloo fryhu wklv lvvxh1 Lq sduwlfxodu lw dqdo|vhv h{foxvlyh
whuulwru| duudqjhphqw1 H{foxvlyh whuulwru| lv wkh uljkw jlyhq wr d vlqjoh uh0
wdlohu e| d pdqxidfwxuhu zklfk doorzv wkh uhwdlohu wr dfw dv d vroh glvwulexwru
lq d vshfl�f whuulwru|1

Pdqxidfwxuhuv* lqfhqwlyh wr fkrrvh vwudwhjlfdoo| wkh qxpehu ri uhwdlohuv wr
glvwulexwh wkhlu surgxfwv zlwklq d vshfl�f whuulwru| zloo ghshqg rq wkh wrxjk0
qhvv ri frpshwlwlrq ehwzhhq pdqxidfwxuhuv1 Wkh wrxjkqhvv ri frpshwlwlrq
ehwzhhq pdqxidfwxuhuv lv lq xhqfhg e| wkh ghjuhh ri surgxfw gl�huhqwldwlrq1
Zh suhvhqw dq dqdo|vlv ri wkh yhuwlfdo glvwulexwlrq duudqjhphqw lq d wzr gl0
phqvlrqdo krul}rqwdo surgxfw gl�huhqwldwlrq prgho wr fdswxuh wklv vhwwlqj1
Surgxfwv duh gl�huhqwldwhg dorqj frqvxphuv* wdvwh iru gl�huhqw eudqgv dqg
uhwdlohuv* orfdwlrq1 Wkh lqwhudfwlrq ehwzhhq wkhvh wzr glphqvlrqv zloo di0
ihfw wkh ghflvlrq ri d frqvxphu wr ex| d surgxfw/ dqg khqfh lw zloo kdyh dq
lpsruwdqw lpsolfdwlrq rq wkh vwudwhjlf ghflvlrq ri pdqxidfwxuhuv1

Vxssrvh d frqvxphu zdqwv wr ex| d surgxfw/ dqg vkh kdv wr fkrrvh eh0
wzhhq wzr eudqgv +D dqg E,1 Hdfk ri wkhvh eudqgv lv glvwulexwhg e| uhwdlohuv1
D frqvxphu zloo wdnh lqwr dffrxqw khu surgxfw wdvwh dqg uhwdlohuv* orfdwlrq lq
ghflglqj zklfk eudqg wr ex|1 Li wkh surgxfw vkh zdqwv lv dydlodeoh iurp wkh
qhdue| uhwdlohu/ vkh zloo lqfxu ohvv wudqvsruwdwlrq frvw1 Li lqvwhdg wkh surgxfw
lv qrw dydlodeoh iurp wkh qhdue| uhwdlohu/ vkh zloo kdyh wr wudyho wr wkh uh0
wdlohu zklfk vhoov wkh surgxfw dqg sd|v d kljkhu wudqvsruwdwlrq frvw1 Zklfk
surgxfw zloo hyhqwxdoo| eh erxjkw ghshqgv rq wkh grplqdqfh ri hlwkhu wkh
frqvxphu*v wdvwh ru wkh wudqvsruwdwlrq frvw1 Li wkh wdvwh gl�huhqfh grplqdwhv
wkh wudqvsruwdwlrq frvw/ wkhq d frqvxphu zkr uhvlghv vx!flhqwo| idu pljkw
vwloo eh zloolqj wr ex| iurp wkh uhwdlohu fduu|lqj khu suhihuuhg surgxfw1 Krz0
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hyhu/ li wkh wdvwh gl�huhqfh lv qrw lpsruwdqw/ wkhq wkh wudqvsruwdwlrq frvw
zloo ghwhuplqh wr zklfk uhwdlohu wkh frqvxphu lv jrlqj wr vkrs1

D pdqxidfwxuhu fdq lq xhqfh wkh wudqvsruwdwlrq frvw e| fkdqjlqj wkh
qxpehu ri uhwdlohuv lq wkh pdunhw14 Dgglqj pruh uhwdlohuv vkulqnv wkh glv0
wdqfh ehwzhhq wzr uhwdlohuv/ dqg wkxv uhgxfhv wkh wudqvsruwdwlrq frvw iru
frqvxphuv1 Frqvhtxhqwo|/ wkh h{lvwhqfh ri hlwkhu wkh wdvwh grplqdqfh ru wkh
wudqvsruwdwlrq frvw grplqdqfh fdq sduwo| eh lq xhqfhg e| pdqxidfwxuhuv15

Wklv fdq eh h{sodlqhg dv iroorzv1 Vxssrvh zh lqlwldoo| kdyh d vlwxdwlrq lq
zklfk wkh wudqvsruwdwlrq frvw grplqdwhv wkh wdvwh gl�huhqfh1 Lq wklv vlwx0
dwlrq dgglqj qhz uhwdlohuv vkulqnv wkh glvwdqfh ehwzhhq uhwdlohuv dqg wkxv
ghfuhdvhv wkh wudqvsruwdwlrq frvw iru frqvxphuv1 Li wkh wudqvsruwdwlrq frvw
ghfuhdvhv txlwh vxevwdqwldoo| zh pljkw vzlwfk iurp wkh fdvh ri wudqvsruwd0
wlrq frvw grplqdqfh wr wkh fdvh ri wdvwh grplqdqfh1 Wklv zrxog phdq wkdw
d frqvxphu zkr suhihuv surgxfw D wr surgxfw E zloo jr wr wkh uhwdlohu zklfk
vhoov surgxfw D1 Lq wkh suhylrxv fdvh ri wudqvsruwdwlrq frvw grplqdqfh/ wklv
frqvxphu zloo ex| surgxfw E ghvslwh wkh idfw wkdw vkh suhihuv surgxfw D wr
surgxfw E1 Wkh kljk wudyhoolqj frvw ghwhuv khu iurp ex|lqj surgxfw D1

Krzhyhu/ dgglqj qhz uhwdlohuv kdv d frpshwlwlyh h�hfw1 Lw pdnhv wkh uhwdlo
frpshwlwlrq wrxjkhu1 Wklv frxog sxw suhvvxuh rq pdqxidfwxuhuv* sur�wv1
Khqfh/ wkh ihdvlelolw| ri dgglqj +uhgxflqj, qhz uhwdlohuv zloo ghshqg rq wkh
uhodwlyh ehqh�wv ri wkh wudqvsruwdwlrq frvw uhgxfwlrq wr wkh frvw ri d wrxjkhu
frpshwlwlrq1

Wklv lpsolhv wkdw pdqxidfwxuhuv idfh wzr fkrlfhv/ rq wkh rqh kdqg wkh|
pljkw zdqw wr uhgxfh wkh qxpehu ri uhwdlohuv +srvvleo| wr d vlqjoh uhwdlohu, wr
wdnh dgydqwdjh ri wkh pd{lpxp prqrsrolvwlf srvlwlrq gxh wr d kljk wudqv0
sruwdwlrq frvw +d kljk vhdufk frvw iru frqvxphuv,1 Lq wklv fdvh/ pdqxidfwxuhuv
dovr dyrlg lqwhqvh frpshwlwlrq dprqj wkhp1 Rq wkh rwkhu kdqg/ wkh| pljkw
dovr zdqw wr lqfuhdvh wkh qxpehu ri uhwdlohuv wr uhgxfh wkh wudqvsruwdwlrq
frvw/ dqg wkxv wr vxsuhvv wkh vhdufk frvw iru frqvxphuv zlwk wkh krsh ri dw0
wudfwlqj pruh frqvxphuv1 Wkh fuxfldo lvvxh khuh zrxog eh wkh lghqwl�fdwlrq

4Lq wklv sdshu zh dvvxph wkdw pdqxidfwxuhuv kdyh doo wkh edujdlqlqj srzhu1 Wkhuh duh
pdq| zd|v lq zklfk wkh pdqxidfwxuhuv fdq lq xhqfh wkh qxpehu ri uhwdlohuv +Ndw}/4<;<,1
Pdqxidfwxuhuv fdq dssrlqw gluhfwo| wkh uhwdlohuv wkh| zrxog olnh wr fduu| wkh eudqgv1
Dowhuqdwlyho|/ pdqxidfwxuhuv fdq lqgluhfwo| frqwuro wkh qxpehu ri uhwdlohuv xvlqj yhuwl0
fdo uhvwudlqwv1 Qrwh wkdw uhwdlohuv khuh fdq dovr eh lqwhusuhwhg dv rxwohw vwruhv1 Lq wklv
fdvh/ zh fdq vdiho| dvvxph wkdw wkh qxpehu ri rxwohw vwruhv fdq eh ixoo| lq xhqfhg e|
pdqxidfwxuhuv1

5Lw lv sduwo|/ ehfdxvh wkh uhodwlyh pdjqlwxgh ri wkh wudqvsruwdwlrq frvwv shu xqlw glv0
wdqfh wr wkh xwlolw| frvwv iurp frqvxplqj wkh prvw suhihuuhg surgxfw zloo dovr ghwhuplqh
wkh h{lvwhqfh ri hlwkhu wudqvsruwdwlrq frvwv grplqdqfh ru wdvwh grplqdqfh1 Wklv uhodwlyh
pdjqlwxgh lv h{rjhqhrxv lq rxu prgho1
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ri wkh frqglwlrqv iru pdqxidfwxuhuv wr suhihu rqh fkrlfh wr dqrwkhu1 Zh duh
jrlqj wr glvfxvv wklv lvvxh lq wkh suhvhqw sdshu1

Zh xvh wkh Vdors*v prgho rq wzr glphqvlrqdo krul}rqwdo fkdudfwhulvwlfv1
Rq wkh frqwudu| wr wkh wudglwlrqdo rqh0glphqvlrqdo surgxfw gl�huhqwldwlrq
iudphzrun/ wkh olwhudwxuh rq wkh pxowl glphqvlrqdo surgxfw gl�huhqwldwlrq
kdv rqo| ehhq uhfhqwo| ghyhorshg1 Wkhuh duh vhyhudo vxfk vwxglhv/ iru lq0
vwdqfh Hfrqrplghv +4<;<, dqg Qhyhq dqg Wklvvh +4<<3,1 Wkh| ghyhors d
wzr fkdudfwhulvwlfv surgxfw gl�huhqwldwlrq prgho zklfk frpelqhv krul}rqwdo
dqg yhuwlfdo surgxfw gl�huhqwldwlrq1 Wkhvh wzr fkdudfwhulvwlfv duh lqghshq0
ghqw ri hdfk rwkhu1 Wdexfkl +4<<7, dqdo|vhv Krwhoolqj*v prgho ri vsdwldo
gxrsro| rq wzr0glphqvlrqdo vsdfhv lq d wzr0 vwdjh jdph1 Wkh �uvw vwdjh lv
wkh orfdwlrqdo jdph dqg wkh vhfrqg vwdjh lv wkh sulfh jdph1 Ghju|vh +4<<8,
dqdo|vhv d prgho wkdw frpelqhv krul}rqwdo dqg yhuwlfdo surgxfw gl�huhqwl0
dwlrq dqg dssolhv lw wr edqnlqj1 Dqvdul/ Hfrqrplghv/ dqg Vwhfnho +4<<;,
h{whqg wkh prgho wr wkh fdvh ri wkuhh0glphqvlrqdo prgho1 Lq rxu prgho/
wkhuh lv dq lqgluhfw lqwhudfwlrq ehwzhhq wkh wzr krul}rqwdo glphqvlrqv1 Dv
lv phqwlrqhg ehiruh d pdqxidfwxuhu fdq dgg qhz uhwdlohuv dqg lq xhqfh wkh
wudqvsruwdwlrq frvw/ zklfk zloo uhvxow lq d fkdqjh lq wkh uhodwlyh lpsruwdqfh
ri wkh wudqvsruwdwlrq frvw wr wkh wdvwh gl�huhqfh1

Zh frqvwuxfw d irxu0vwdjh jdph1 Wkhuh duh wkuhh sduwlhv lqyroyhg/ l1h1
frqvxphuv/ uhwdlohuv/ dqg pdqxidfwxuhuv1 Lq wkh �uvw vwdjh pdqxidfwxuhuv
ghflgh wkh rswlpdo qxpehu ri uhwdlohuv1 Lq wkh vhfrqg vwdjh pdqxidfwxuhuv
fkrrvh wkh zkrohvdoh sulfhv/ dqg lq wkh wklug vwdjh uhwdlohuv fkrrvh wkh uhwdlo
sulfhv1 Ilqdoo|/ lq wkh irxuwk vwdjh frqvxphuv sxufkdvh jrrgv1

Wr wkh ehvw ri rxu nqrzohgjh wkhuh lv rqo| d sdshu e| Ehvdqnr dqg Shuu|
+4<<7, zklfk wulhv wr dqdo|vh wkh yhuwlfdo glvwulexwlrq duudqjhphqw lq d vsdwldo
frpshwlwlrq iudphzrun1 Wkh| xvh d orjlw prgho ri surgxfw gl�huhqwldwlrq1
Lq wklv sdshu zh xvh d prgho lq wkh vslulw ri Qhyhq dqg Wklvvh +4<<3,1 Ixu0
wkhupruh/ Ehvdqnr dqg Shuu| +4<<7, vwuhvv pruh rq wkh frpsdulvrq ehwzhhq
h{foxvlyh ghdolqj dqg qrq h{foxvlyh ghdolqj duudqjhphqw1 Rxu sdshu zloo
irfxv pruh rq wkh rswlpdo qxpehu ri uhwdlohuv1 Zh dvvxph wkdw h{foxvlyh
ghdolqj suhydlov1 Lq wkhlu dqdo|vlv/ Ehvdqnr dqg Shuu| +4<<7, vkrz wkdw h{0
foxvlyh ghdolqj zloo jhqhudwh kljkhu sur�wv iru pdqxidfwxuhuv/ uhwdlo sulfhv
dqg wudqvsruwdwlrq frvwv iru frqvxphuv wkdq qrq h{foxvlyh ghdolqj1 Khqfh/
pdqxidfwxuhuv zloo kdyh lqfhqwlyhv wr dgrsw h{foxvlyh ghdolqj1 Lq wklv sdshu
zh gr qrw pdnh dq h{solflw frpsdulvrq1 Krzhyhu lw fdq eh hdvlo| ghgxfhg
wkdw lq rxu iudphzrun qrq h{foxvlyh ghdolqj zloo riwhq eh ohvv suhihuuhg e|
pdqxidfwxuhuv1 Lq wkh qrq h{foxvlyh ghdolqj fdvh/ erwk dgmdfhqw uhwdlohuv zloo
fduu| wkh vdph eudqgv1 Wklv vlwxdwlrq/ rq wkh rqh kdqg/ lv ehqh�fldo iru frq0
vxphuv ehfdxvh frqvxphuv fdq hdvlo| vzlwfk wr d gl�huhqw uhwdlohu zlwkrxw
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lqfxuulqj d kljk wudqvsruwdwlrq frvw1 Rq wkh rwkhu kdqg lw lv ohvv ehqh�fldo
iru pdqxidfwxuhuv ehfdxvh lw fuhdwhv d wrxjkhu frpshwlwlrq1 Pdqxidfwxuhuv*
sur�wv zloo olnho| eh vpdoohu lq wklv fdvh1 Zh zdqw wr frqfhqwudwh wkh dqdo|vlv
rq wkh rswlpdo qxpehu ri uhwdlohuv/ wkxv wkhuh lv qr orvv ri jhqhudolw| iurp
dvvxplqj wkdw h{foxvlyh ghdolqj suhydlov1

D sdshu e| Pduwlqh}0Jludow dqg Qhyhq +4<;;, lv dovr forvho| uhodwhg1 Dv
d pdwwhu ri idfw rxu sdshu fdq eh frqvlghuhg dv dq h{whqvlrq ri wkhlu sdshu1
Wkh| xvh wkh frqyhqwlrqdo Vdors*v rqh0dwwulexwh vsdwldo frpshwlwlrq prgho/
zkloh zh xvh wzr0dwwulexwhv vsdwldo frpshwlwlrq prgho1 Wkh| dqdo|vh wkh
lqfhqwlyh ri pdqxidfwxuhuv wr hvwdeolvk uhwdlo rxwohwv/ dqg vkrz wkdw wkh qhhg
wr gdpshq sulfh frpshwlwlrq zloo rxwzhljk wkh qhhg wr vhjphqw wkh pdunhw1
Lq htxloleulxp/ wkh| vkrz wkdw �upv zloo qrw lqvwdoo pxowlsoh rxwohwv/ dqg
wkxv xvh rqo| d vlqjoh uhwdlo rxwohw1 Rq wkh frqwudu|/ zh vkrz wkdw lq d wzr0
dwwulexwhv iudphzrun wklv lv qrw dozd|v wkh fdvh1 Lw ghshqgv rq wkh uhodwlyh
lpsruwdqfh ri frqvxphuv* wdvwh gl�huhqfh dqg wkh wudqvsruwdwlrq frvw1

Dqrwkhu uhodwhg sdshu lv P|flhovnl/ hw1do1 +4<<:,1 Wklv sdshu glvfxvvhv
wkh olqn ehwzhhq surgxfw gl�huhqwldwlrq dqg wkh yhuwlfdo glvwulexwlrq duudqjh0
phqw1 Wkh fkrlfh ri wkh rswlpdo qxpehu ri uhwdlohuv lv dovr glvfxvvhg lq wkh
sdshu1 Krzhyhu/ lqvwhdg ri xvlqj dq h{solflw surgxfw gl�huhqwldwlrq prgho/
wkh sdshu xvhv wkh furvv0sulfh hodvwlflw| ri ghpdqg dv d phdvxuh ri wkh gh0
juhh ri surgxfw gl�huhqwldwlrq1 Zh wdnh xs wkh vdph lvvxh dqg vrphzkdw
uhvwulfw wkh irfxv ri wkh glvfxvvlrq/ exw zh lqwurgxfh dq h{solflw surgxfw
gl�huhqwldwlrq prgho1

Rxu uhvxowv vkrz wkdw zkhq wkh wudqvsruwdwlrq frvw grplqdwhv wkh vxevwl0
wxwlrq frvw/ lw pd| eh ehwwhu iru pdqxidfwxuhuv wr pdnh wkh glvwdqfh ehwzhhq
uhwdlohuv vx!flhqwo| idu1 Lq rwkhu zrugv/ pdqxidfwxuhuv kdyh wr pdnh wkh
wudqvsruwdwlrq frvw hyhq pruh grplqdqw1 Wklv fdq eh grqh e| dssrlqwlqj d
vlqjoh uhwdlohu wr vhuyh wkh zkroh flw|1 Wklv pljkw h{sodlq zk| txlwh riwhq wkh
fdvh wkdw h{foxvlyh ghdolqj lv frxsohg zlwk h{foxvlyh whuulwru|1 Krzhyhu/ zkhq
wkh vxevwlwxwlrq frvw grplqdwhv wkh wudqvsruwdwlrq frvw/ wkhq wkh qxpehu ri
uhwdlohuv lq wkh pdunhw lv qrw lpsruwdqw iru pdqxidfwxuhuv1 Wkh qxpehu zloo
eh ghwhuplqhg e| wkh iuhh hqwu| htxloleulxp dw wkh uhwdlohu ohyho1 Khqfh/ wkhuh
frxog srwhqwldoo| eh pdq| uhwdlohuv lq wkh pdunhw1

Wkh uhvw ri wkh sdshu lv rujdqlvhg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1
Vhfwlrq 6 jlyhv wkh vroxwlrqv iru uhwdlohuv1 Vhfwlrq 7 glvfxvvhv wkh vroxwlrqv iru
pdqxidfwxuhuv1 Vhfwlrq 8 dqdo|vhv wkh rswlpdo qxpehu ri uhwdlohuv1 Vhfwlrq
9 glvfxvvhv wkh uhvxowv1 Ilqdoo|/ vhfwlrq : frqfoxghv1

5 Wkh Prgho Vhwwlqj
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Zh frqvlghu d yhuwlfdo vwuxfwxuh ehwzhhq pdqxidfwxuhuv dqg uhwdlohuv1 Wkhuh
lv d gxrsro| vhwwlqj dw wkh pdqxidfwxuhu ohyho1 Pdqxidfwxuhuv +�up 4 dqg
�up 5, surgxfh gl�huhqwldwhg surgxfwv � 5 i�c�j1 Wkh glvwdqfh ehwzhhq
wkh wzr surgxfwv lv qrupdol}hg wr 41 Surgxfw � lv orfdwhg dw f dqg surgxfw
� lv orfdwhg dw �� D frqvxphu*v wdvwh ryhu wkh wzr surgxfwv lv uhsuhvhqwhg
e| d orfdwlrq vrphzkhuh ehwzhhq wkhvh wzr surgxfwv1

Zh dvvxph wkdw wkhuh lv d flufxodu flw| zlwk d shulphwhu htxdo wr 41 Wkhuh
duh dq htxdo qxpehu ri lghqwlfdo uhwdlohuv +?, zklfk duh orfdwhg htxlglvwdqwo|
dorqj wkh flufoh fduu|lqj hdfk surgxfw1 H{foxvlyh ghdohuvkls suhydlov/ wkxv
wzr qhljkerxulqj uhwdlohuv zloo fduu| gl�huhqw eudqgv1 Wkxv/ wkhuh lv dq
lqwhuodfhg vwuxfwxuh ehwzhhq uhwdlohuv zkr fduu| surgxfw D dqg surgxfw E1
Iru lqvwdqfh/ d uhwdlohu zklfk glvwulexwhv surgxfw D zloo eh orfdwhg dw �

?

dqg d uhwdlohu zklfk glvwulexwhv surgxfw E zloo eh orfdwhg dw
E�3 �

2
�

?
iru doo

� ' �c 2c �c ���c ? +vhh �jxuh 4,1 Wklv fdq eh mxvwl�hg dv iroorzv1 Vxssrvh
d uhwdlohu lv orfdwhg ehwzhhq wzr rwkhu uhwdlohuv vhoolqj eudqg �/ wkhq lw lv
ehwwhu iru wkh uhwdlohu wr vhoo eudqg � udwkhu wkdq eudqg �1 Vhoolqj eudqg �

zloo uhvxow lq kljkhu vdohv wkdq vhoolqj eudqg � +vhh dovr Ehvdqnr dqg Shuu|
+4<<7, zklfk xvh vlplodu mxvwl�fdwlrq,16

Frqvxphuv duh glvwulexwhg xqlirupo| zlwk d ghqvlw| htxdo wr 4 dorqj wkh
surgxfw vsdfh1 Iru vlpsolflw|/ zh dvvxph wkdw frqvxphuv sxufkdvh rqo| 4
xqlw ri d surgxfw1 D frqvxphu zloo kdyh wr sd| d xqlw wudqvsruwdwlrq frvw
ri | iru d ylvlw wr d uhwdlohu1 Lq dgglwlrq/ d frqvxphu kdv wr vshqg d xqlw
vxevwlwxwlrq frvw ri r lq xwlolw| whupv iru vxevwlwxwlqj khu prvw suhihuuhg
eudqg zlwk wkh dfwxdo dydlodeoh eudqg1

Reylrxvo| li lqwhu0eudqg frpshwlwlrq lv devhqw/ l1h1 wkhuh lv rqo| d prqrs0
rolvw pdqxidfwxuhu zklfk surgxfhv d eudqg +vd| eudqg D, dqg glvwulexwhv wkh
eudqg wkurxjk ? uhwdlohuv/ zh zloo kdyh wkh idploldu rqh glphqvlrqdo Vdors
prgho1 Wklv Vdors prgho fdq wkhq eh lqwhusuhwhg dv d prgho ri sxuh lqwud0
eudqg frpshwlwlrq1 Wkh glvwdqfh ehwzhhq wzr uhwdlohuv zloo eh �

?
lqvwhdg ri

�

2?
1

Wr surfhhg zh frqvwuxfw d irxu0vwdjh jdph1 Lq wkh �uvw vwdjh pdqxidfwxu0
huv ghflgh wkh rswlpdo qxpehu ri uhwdlohuv1 Lq wkh vhfrqg vwdjh pdqxidfwxuhuv
frpshwh dqg fkrrvh wkh zkrohvdoh sulfhv1 Lq wkh wklug vwdjh uhwdlohuv frpshwh
dqg ghflgh wkh uhwdlo sulfhv1 Ilqdoo|/ lq wkh odvw vwdjh frqvxphuv sxufkdvh
jrrgv1 Zh dsso| edfnzdug lqgxfwlrq dssurdfk wr vroyh wkh jdph1

6Xvlqj wklv mxvwl�fdwlrq/ zh dvvxph wkdw wkh deryh lqwhuodfhg dqg htxlglvwdqw vwuxfwxuh
lv vwloo suhvhuyhg zkhq wkh qxpehu ri uhwdlohuv fkdqjhv1

9



Iljxuh 4= Wkh Uhwdlo Vwuxfwxuh

514 Ghulydwlrq ri wkh Ghpdqg Ixqfwlrq

Ohw xv dvvxph wkdw uhwdlohuv rq wkh ohiw vlgh dqg rq wkh uljkw vlgh vhoo surgxfw
D dqg E uhvshfwlyho|1 Zh ghqrwh % dv wkh orfdwlrq ri d frqvxphu zkr lv
lqgl�huhqw ehwzhhq ex|lqj iurp wkh ohiw uhwdlohu dqg wkh uljkw uhwdlohu/ dqg +

dv wkh orfdwlrq ri d frqvxphu zkr lv gl�huhqw ehwzhhq ex|lqj surgxfw D dqg
E1 D frqvxphu zkr lv orfdwhg dw E%c +� ghulyhv wkh iroorzlqj lqgluhfw xwlolw|
iurp ex|lqj 4 xqlw ri surgxfw D iurp wkh ohiw0vlgh uhwdlohu1

L�E%c +� ' � � R� � |%� r+ +4,

Zkhuh � ghqrwhv wkh uhvhuydwlrq ydoxh ri wkh frqvxphu dqg lw lv d srvlwlyh
frqvwdqw1 Zh dvvxph wkdw � lv vx!flhqwo| odujh vr wkdw doo frqvxphuv zloo
gudz d srvlwlyh xwlolw| iurp ex|lqj d jrrg/ rwkhuzlvh frqvxphuv zloo vlpso|
uhiudlq iurp ex|lqj wkh jrrg17 Zh ghqrwh wkh uhwdlo sulfhv zlwk R� iru � 5

7Wklv dvvxpswlrq zloo hqvxuh wkdw wkh pdunhw fdq eh fryhuhg e| erwk pdqxidfwxuhuv1

:



i�c�j � D frqvxphu zkr lv orfdwhg dw + � " zloo lghdoo| suhihu surgxfw D wr
surgxfw E1 Krzhyhu li kh lv orfdwhg dw % n " iurp wkh ohiw uhwdlohu zkr vhoov
surgxfw D/ kh zloo lqvwhdg ex| surgxfw E iurp wkh uljkw vlgh uhwdlohu1 Wklv lv
ehfdxvh wkh wudqvsruwdwlrq frvw zloo ghwhu wkh frqvxphu iurp ex|lqj surgxfw
D1

Dowhuqdwlyho|/ li wkh frqvxphu vkrsv wr wkh uhwdlohu rq wkh uljkw dgmdfhqw
vlgh dqg ex|v surgxfw E vkh uhfhlyhv wkh iroorzlqj lqgluhfw xwlolw|1

L�E%c +� ' � � R� � |E
�

2?
� %�� rE�� +� +5,

Wkh orfdwlrq ri dq lqgl�huhqw frqvxphu zkr lv lqgl�huhqw ehwzhhq ex|lqj
surgxfw D iurp wkh ohiw uhwdlohu dqg ex|lqj surgxfw E iurp wkh uljkw uhwdlohu
fdq eh fdofxodwhg dv iroorzv1

� � R� � |%� r+ ' � � R� � |E
�

2?
� %�� rE�� +� +6,

Vroylqj iru + dqg h{suhvvlqj lw dv d ixqfwlrq ri % zh rewdlq1

+E%� '
ER� � R��

2r
n

�

2
n

|

e?r
� |

r
% +7,

Li +E%� lv eljjhu +vpdoohu, wkdq wkh uljkw kdqg vlgh h{suhvvlrq/ frqvxphuv zloo
ex| surgxfw D +surgxfw E, iurp wkh ohiw0vlgh +uljkw0vlgh, uhwdlohu1 Wkxv/ wklv
ixqfwlrq sduwlwlrqv frqvxphuv lqwr wzr jurxsv/ rqh jurxs zloo ex| surgxfw
D dqg dqrwkhu jurxs zloo ex| surgxfw E1 Zh looxvwudwh dq h{dpsoh ri wklv
sduwlwlrq olqh lq �jxuh 51

Iljxuh 5= Wkh Wudqvsruwdwlrq Frvw Grplqdqfh

Wkh vkdsh ri wkh +E%� ghshqgv rq lwv vorsh1 Zh kdyh wzr pxwxdoo| h{0
foxvlyh fdvhv ghshqglqj rq wkh uhodwlyh pdjqlwxgh ri wkh udwlr ri shu xqlw
wudqvsruwdwlrq frvw +|, wr shu xqlw vxevwlwxwlrq frvw Er�/ dqg wkh qxpehu

;



ri uhwdlohuv lq wkh pdunhw� Wkhvh wzr fdvhv duh wkh fdvh ri wudqvsruwdwlrq
frvw grplqdqfh dqg wkh fdvh ri wdvwh grplqdqfh1 Wkh fdvh ri wudqvsruwdwlrq
frvw grplqdqfh +wdvwh grplqdqfh, uhihuv wr d vlwxdwlrq lq zklfk frqvxphuv*
ghflvlrq lv lq xhqfhg pruh +ohvv, e| wkh wudqvsruwdwlrq frvw wkdq e| wkh gli0
ihuhqfh lq wdvwh1 Lq wkh fdvh ri wudqvsruwdwlrq grplqdqfh qrw doo frqvxphuv
zkr vwulfwo| suhihu d surgxfw +vd| surgxfw D, duh vhuyhg1 Vrph ri wkhp
kdyh wr lqfxu d vx!flhqwo| kljk wudqvsruwdwlrq frvw wr jr wr wkh ohiw uhwdlohu
zkr vhoov surgxfw D/ dv d uhvxow wkh| ghflgh wr ex| surgxfw E lqvwhdg1 Rq
wkh frqwudu| lq wkh fdvh ri wdvwh grplqdqfh doo uhwdlohuv zkr vwulfwo| suhihu
surgxfw D duh vhuyhg dqg ex| surgxfw D iurp wkh ohiw uhwdlohu1

Wkh djjuhjdwh ghpdqg frqvlvwv ri wkuhh gl�huhqw vhjphqwv ghshqglqj
rq wkh uhwdlo sulfh1 Wkh �uvw vhjphqw suhydlov dw wkh kljk sulfh udqjh/ wkh
vhfrqg vhjphqw suhydlov dw wkh lqwhuphgldwh sulfh udqjh/ dqg wkh odvw vhjphqw
suhydlov dw wkh orz sulfh udqjh1 Iluvw/ zh zloo orrn dw wkh ghpdqg ixqfwlrq
iru wkh fdvh ri wudqvsruwdwlrq frvw grplqdqfh18

51414 Wudqvsruwdwlrq Frvw Grplqdqfh

Wkh Iluvw Vhjphqw

Wklv fdvh lv ghslfwhg lq �jxuh 51 Wkh �uvw vhjphqw vwduwv iurp d vlwxdwlrq
lq zklfk wkhuh lv qr ghpdqg dw doo iru surgxfw D ehfdxvh wkh sulfh lv idu
wrr kljk1 Uhgxflqj wkh sulfh +vhh wkh gluhfwlrq ri wkh duurz lq �jxuh 6,
zloo dwwudfw dgglwlrqdo frqvxphuv1 Wklv vhjphqw hqgv zkhq wkh +E%� fxuyh
wrxfkhv wkh wrs ohiw kdqg fruqhu ri wkh uhfwdqjxodu1 Wkh ghpdqg dw wklv
vhjphqw fdq eh h{suhvvhg dv/

(
�

� ER�c R�� '
�

�2?2r|
E2R�?� 2R�?n |n 2r?�2 +8,

Wkh Vhfrqg Vhjphqw

Wklv vhjphqw ehjlqv uljkw diwhu wkh erughu zlwk wkh �uvw vhjphqw xqwlo
wkh srlqw zkhuh wkh +E%� fxuyh wrxfkhv wkh erwwrp uljkw kdqg fruqhu ri wkh
uhfwdqjxodu1 Wkh ghpdqg dw wklv vhjphqw lv olqhdu dqg fdq eh h{suhvvhg dv/
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� ER�c R�� '
R� � R�
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n
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e?
+9,

Wkh Wklug Vhjphqw

Wkh uhvw ri wkh duhd frqvlwxwhv wkh odvw vhjphqw ri wkh ghpdqg1 Wklv
vhjphqw lv mxvw wkh pluuru lpdjh ri wkh �uvw vhjphqw1 Lw fdq eh h{suhvvhg dv/

8Wkh frpsohwh ghulydwlrq fdq eh irxqg lq dsshqgl{ 41
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Wkh ghpdqg iru wkh vhfrqg surgxfw fdq hdvlo| eh ghulyhg e| vxevwudfw0
lqj wkh ghpdqg iru surgxfw D wr wkh wrwdo ghpdqg1 Wkh wrwdo ghpdqg
lv dozd|v htxdo wr �

2?
/ khqfh wkh ghpdqg iru surgxfw E lv (� ER�c R�� '

�

2?
�(� ER�c R��1

51415 Wdvwh Grplqdqfh

Wklv fdvh lv ghslfwhg lq �jxuh 61 Lq wklv fdvh/ wkh �uvw dqg wkh wklug vhjphqwv
ri wkh ghpdqg ixqfwlrq duh vlplodu wr wkh suhylrxv fdvh1 Krzhyhu/ wkh vhfrqg
vhjphqw lv gl�huhqw1 Wklv vhjphqw vwduwv iurp wkh srlqw zkhuh wkh +E%� fxuyh
wrxfkhv wkh erwwrp uljkw kdqg fruqhu ri wkh uhfwdqjxodu xqwlo wkh srlqw zkhuh
wkh +E%� fxuyh uhdfkhv wkh wrs ohiw kdqg fruqhu1

Wkh Ghpdqg dw wklv vhjphqw lv olqhdu dqg fdq eh h{suhvvhg dv/
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Wkh ghpdqg iru surgxfw E dw wklv vhjphqw lv mxvw (� ER�c R�� ' �

2?
�

(� ER�c R�� �

6 Htxloleulxp Uhwdlo Sulfhv

Zh zloo qrz vroyh iru wkh sxuh0vwudwhj| htxloleulxp lq uhwdlo sulfhv1 Zh
frqvlghu rqo| wkh lqwhulru vroxwlrqv1 Wkh sur�w ixqfwlrqv iru uhwdlohuv zklfk
vhoo surgxfw D dqg surgxfw E uhvshfwlyho| duh/
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Z� ER�c R�� ' 2(� ER�c R�� ER� � ���

Z� ER�c R�� ' 2(� ER�c R�� ER� � ���

Zh dvvxph iru vlpsolflw| wkdw wkhuh lv qr uhwdlolqj frvw1 Zh kdyh wr fkhfn
iru doo srvvleoh uhwdlo sulfh htxloleuld iru gl�huhqw vhjphqwv ri wkh ghpdqg
ixqfwlrq idfhg e| uhwdlohuv1 Zh vwduw iurp wkh �uvw vhjphqw ri wkh ghpdqg
ixqfwlrq iru wkh fdvh ri wudqvsruwdwlrq frvw grplqdqfh1

614 Wudqvsruwdwlrq Frvw Grplqdqfh

Sur�w ixqfwlrqv ri erwk uhwdlohuv fdq eh h{suhvvhg uhvshfwlyho| dv/

Z� ER�c R�� ' 2(� ER�c R�� ER� � ��� +<,

Z� ER�c R�� ' 2
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�
ER� � ��� +43,

Vxevwlwxwlqj htxdwlrq ED� lqwr h{suhvvlrqv Eb� dqg E�f� zh jhw wkh uhwdlo
sur�w ixqfwlrqv1 Wdnlqj �uvw rughu frqglwlrqv ri wkh uhwdlo sur�w pd{lpl}d0
wlrqv zlwk uhvshfw wr uhwdlo sulfhv dqg vroylqj iru wkh htxloleulxp uhwdlo sulfhv
zh rewdlq +vhh wkh ghulydwlrq lq dsshqgl{ 5,/
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Lq zklfk ~ '
t
E2? E�� � ���� 2?r� |�2 n Se?|r1 Wkhvh uhwdlo sulfh htxl0

oleuld duh gl!fxow wr lqwhusuhw1 Krzhyhu/ dw wklv srlqw wkhuh lv qr qhhg wr
zruu| derxw wkh lqwhusuhwdwlrq ri wkh uhvxowv ehfdxvh zh vwloo kdyh wr fkhfn
zkhwkhu ru qrw wkh sxuh0vwudwhj| zkrohvdoh sulfh Qdvk htxloleulxp h{lvwv iru
wkhvh htxloleulxp uhwdlo sulfhv1

44



Qh{w/ zh fdofxodwh wkh htxloleulxp uhwdlo sulfhv zklfk zloo rffxu rq wkh
vhfrqg vhjphqw ri wkh ghpdqg ixqfwlrq1 Vxevwlwxwlqj h{suhvvlrq ES� lqwr
h{suhvvlrqv Eb� dqg E�f� zh kdyh wkh iroorzlqj uhwdlo sur�w ixqfwlrqv1
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Ehfdxvh wkh ex|lqj ghflvlrq ri d frqvxphu lv rqo| lq xhqfhg e| wkh wudqv0
sruwdwlrq frvw/ wkh vxevwlwxwlrq frvw grhv qrw sod| d uroh1 Lw lv reylrxv wkdw
zkhq wkh wudqvsruwdwlrq frvw E|� lqfuhdvhv/ uhwdlo sulfhv zloo lqfuhdvh1 Wklv
lv sodxvleoh ehfdxvh wkh frvwolhu wr wudyho lv/ wkh pruh fdswlyh frqvxphuv
wkh| kdyh1 Dv d uhvxow uhwdlohuv kdyh pruh prqrsro| srzhu1 Krzhyhu/ uhwdlo
sulfhv duh ghfuhdvlqj lq wkh qxpehu ri uhwdlohuv1 Lw lv ehfdxvh wkh pruh uhwdlo0
huv lq wkh pdunhw duh/ wkh forvhu wkh glvwdqfh ehwzhhq uhwdlohuv lv/ dqg wkxv
wkh vwurqjhu wkh frpshwlwlrq lv1 Dv d frqvhtxhqfh uhwdlo sulfhv zloo whqg wr
ghfuhdvh1

Wkh suhydlolqj uhwdlo sulfh htxloleuld rq wkh wklug vhjphqw ri wkh ghpdqg
ixqfwlrq duh mxvw wkh pluuru lpdjhv ri wkh suhydlolqj uhwdlo sulfh htxloleuld
rq wkh �uvw vhjphqw ri wkh ghpdqg ixqfwlrq1

615 Wdvwh Grplqdqfh

Wkh htxloleulxp uhwdlo sulfhv suhydlolqj rq wkh �uvw dqg wklug vhjphqwv ri wkh
ghpdqg ixqfwlrq duh wkh vdph dv lq wkh fdvh ri wudqvsruwdwlrq frvw grpl0
qdqfh1 Krzhyhu/ wkh htxloleulxp uhwdlo sulfhv rffxulqj rq wkh olqhdu vhjphqw
ri wkh ghpdqg +wkh vhfrqg vhjphqw, duh gl�huhqw1 Wkhvh fdq eh fdofxodwhg
iurp wkh uhwdlo sur�w pd{lpl}dwlrq sureohpv zlwk uhvshfw wr uhwdlo sulfhv1
H{suhvvlrqv iru wkh uhwdlo sur�w ixqfwlrqv fdq eh rewdlqhg e| vxevwlwxwlqj
h{suhvvlrq EH� lqwr h{suhvvlrqv Eb� dqg E�f� �
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Ghulylqj �uvw rughu frqglwlrqv ri wkh sur�w pd{lpl}dwlrq dqg vroylqj iru wkh
htxloleulxp uhwdlo sulfhv zh rewdlq wkh iroorzlqj/
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Wkh wudqvsruwdwlrq frvw grhv qrw sod| d uroh1 D frqvxphuv ghflvlrq lv
gulyhq rqo| e| wkh vxevwlwxwlrq frvw1 Lw fdq eh fohduo| vhhq wkdw wkh kljkhu
wkh vxevwlwxwlrq frvw lv/ wkh pruh uhoxfwdqw wkh frqvxphuv duh wr vzlwfk wr d
gl�huhqw surgxfw/ dqg wkxv uhwdlohuv rewdlq pruh fdswlyhg frqvxphuv1 Dv d
uhvxow uhwdlo sulfhv zloo whqg wr lqfuhdvh1

7 Htxloleulxp Zkrohvdoh Sulfhv

Kdylqj ghulyhg wkh htxloleulxp uhwdlo sulfhv zh zloo vroyh iru wkh htxlole0
ulxp zkrohvdoh sulfhv1 Djdlq zh vwduw iurp wkh fdvh ri wudqvsruwdwlrq frvw
grplqdqfh1

714 Wudqvsruwdwlrq Frvw Grplqdqfh

Wkh sur�w ixqfwlrqv ri wkh wzr pdqxidfwxuhuv fdq eh h{suhvvhg dv iroorzv/
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Iru vlpsolflw| ohw xv dvvxph wkdw wkh surgxfwlrq frvw lv }hur dqg pdqxidf0
wxuhuv gr qrw kdyh wr lqfxu wkh frvw ri vhwwlqj0xs d uhwdlohuqhw1 Zh �uvw
vroyh iru wkh htxloleulxp zkrohvdoh sulfhv zklfk rffxu zkhq wkh htxloleulxp
uhwdlo sulfhv suhydlo rq wkh �uvw dqg wklug vhjphqwv ri wkh djjuhjdwh ghpdqg
ixqfwlrq1 Wkh iroorzlqj ohppd vxppdul}hv wkh uhvxow1

Ohppd 4 Iru wkh uhwdlo sulfh htxloleuld suhydlolqj rq wkh �uvw dqg wklug
vhjphqwv ri wkh ghpdqg ixqfwlrq/ wkhuh h{lvw qr sxuh0vwudwhj| zkrohvdoh sulfh
qdvk0htxloleulxp iru pdqxidfwxuhuv1 Khqfh/ zh fdq uhvwulfw rxu dwwhqwlrq wr
wkh fdvh lq zklfk wkh htxloleulxp uhwdlo sulfhv rffxu rq wkh vhfrqg vhjphqw ri
wkh ghpdqg ixqfwlrq rqo|1
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Surri1 Wkh surri lv uhohjdwhg wr dsshqgl{ 61

Qrz/ zh zloo fdofxodwh wkh htxloleulxp zkrohvdoh sulfhv zkhq wkh htxl0
oleulxp uhwdlo sulfhv rffxu rq wkh vhfrqg vhjphqw ri wkh ghpdqg ixqfwlrq1
Vxevwlwxwlqj h{suhvvlrqv E�.� dqg E�H� lqwr h{suhvvlrq ES� dqg wkhq vxevwl0
wxwlqj wkh uhvxow lq h{suhvvlrqv E2�� dqg E2e� zh rewdlq wkh iroorzlqj sur�w
ixqfwlrqv iru pdqxidfwxuhuv/
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Vroylqj iru wkh sur�w pd{lplvdwlrq sureohpv iru erwk pdqxidfwxuhuv zh jhw
wkh iroorzlqj htxloleulxp zkrohvdoh sulfhv1
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?
+5;,

Vxevwlwxwlqj wkh htxloleulxp zkrohvdoh sulfhv lqwr wkh uhwdlo sulfh htxd0
wlrqv E�.� dqg E�H� zh rewdlq wkh iroorzlqj vlpsoh h{suhvvlrqv ri wkh htxlole0
ulxp uhwdlo sulfhv dv d ixqfwlrq ri wkh wudqvsruwdwlrq frvw dqg wkh qxpehu ri
uhwdlohuv1

R� ' 2
|

?
+5<,

R� ' 2
|

?
+63,

715 Wdvwh Grplqdqfh

Vlqfh wkh �uvw dqg wkh wklug vhjphqwv ri wkh ghpdqg ixqfwlrq iru wkh wudqv0
sruwdwlrq frvw grplqdqfh fdvh duh wkh vdph dv iru wkh wdvwh grplqdqfh fdvh/
wkh vroxwlrqv iru wkh htxloleulxp zkrohvdoh sulfhv zloo dovr eh wkh vdph iru
erwk fdvhv1 Krzhyhu/ zh kdyh gl�huhqw htxloleulxp vroxwlrqv iru wkh vhfrqg
vhjphqw ri wkh ghpdqg ixqfwlrq1

Vxevwlwxwlqj h{suhvvlrqv E2�� c E22�/ dqg EH� lqwr sur�w ixqfwlrqv E2�� dqg
E2e� zh kdyh wkh iroorzlqj/
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�� E��c ��� '

�
�rn �� � ��

Sr

�
�� +64,

�� E��c ��� '

�
�rn �� � ��

Sr

�
�� +65,

Ghulylqj �uvw rughu frqglwlrqv iru wkh sur�w pd{lpl}dwlrq sureohpv dqg vroy0
lqj iru wkh htxloleulxp zkrohvdoh sulfhv zh rewdlq/

�� ' �r +66,

�� ' �r +67,

Vxevwlwxwlqj h{suhvvlrqv E��� dqg E�e� lqwr E2�� dqg E22� zh fdq h{suhvv
wkh htxloleulxp uhwdlo sulfhv dv d ixqfwlrq ri wkh vxevwlwxwlrq frvw1

R� ' er +68,

R� ' er +69,

8 Rswlpdo Qxpehu ri Uhwdlohuv

Zh qrz frph wr wkh �uvw vwdjh ri wkh jdph1 Zh kdyh wzr fdvhv lq zklfk
htxloleulxp uhwdlo dqg zkrohvdoh sulfhv h{lvw1 Wkhvh duh wkh fdvhv zkhuh
wkh htxloleulxp uhwdlo dqg zkrohvdoh sulfhv rffxu rq wkh vhfrqg vhjphqw ri
wkh ghpdqg ixqfwlrq iru erwk wkh wudqvsruwdwlrq frvw grplqdqfh dqg wdvwh
grplqdqfh fdvhv1

Wudqvsruwdwlrq Frvw Grplqdqfh

Vxevwlwxwlqj zkrohvdoh sulfhv E2.� dqg E2H� lqwr h{suhvvlrqv E2�� dqg E2e�
zh fdq h{suhvv pdqxidfwxuhuv* sur�wv dv/

�� '
�

H?
| +6:,

�� '
�

H?
| +6;,

Wdvwh Grplqdqfh

Vlploduo|/ vxewlwxwlqj zkrohvdoh sulfhv E��� dqg E�e� lqwr h{suhvvlrqv E2��
dqg E2e� zh rewdlq/
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�� '
�

2
r +6<,

�� '
�

2
r +73,

Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh uhvxowv1

Sursrvlwlrq 4 +l, Lq wkh fdvh ri wudqvsruwdwlrq frvw grplqdqfh/ wkh pdqx0
idfwxuhuv* sur�wv duh ghfuhdvlqj lq wkh qxpehu ri uhwdlohuv1 Wkh vpdoohvw
qxpehu lv �� Khqfh/ li wkh fdvh ri wudqvsruwdwlrq frvw grplqdqfh lv rs0
wlpdo iru pdqxidfwxuhuv/ hdfk ri wkhp zrxog jdlq wkh kljkhvw sur�wv e|
dssrlqwlqj dq h{foxvlyh uhwdlohu wr vhuyh wkh zkroh flw|19 +ll, Li lqvwhdg/
wkh fdvh ri wdvwh grplqdqfh lv rswlpdo iru pdqxidfwxuhuv/ wkhq pdqx0
idfwxuhuv zloo qrw frqfhuq derxw wkh qxpehu ri uhwdlohuv1 Wklv qxpehu
zloo wkhq eh ghwhuplqhg e| wkh }hur sur�w htxloleulxp frqglwlrq dw wkh
uhwdlohu ohyho1 Dv d uhvxow wkhuh frxog srwhqwldoo| eh pdq| uhwdlohuv lq
wkh pdunhw1

9 Glvfxvvlrqv rq wkh Uhvxowv

Zh vwduw e| ghulylqj wkh frqglwlrqv iru wkh h{lvwhqfh ri wkh fdvh ri wudqvsruwd0
wlrq frvw grplqdqfh dqg wkh fdvh ri wdvwh grplqdqfh1 Iurp dq lqvshfwlrq rq
�jxuh 7/ wkh frqglwlrq iru wkh wudqvsruwdwlrq frvw grplqdqfh fdq eh hvwde0
olvkhg dv iroorzv1

% E+� ' %E�� : f +74,

Lq zklfk wkh h{suhvvlrq iru % E+� lv rewdlqhg iurp uh0duudqjlqj h{suhvvlrq Ee� �
Vroylqj wklv frqglwlrq dqg xvlqj wkh idfw wkdw wkh htxloleulxp uhwdlo sulfhv
duh wkh vdph iru erwk uhwdlohuv zh rewdlq/

? 	
|

2r
+75,

Wkh frqglwlrq iru wkh fdvh ri wdvwh grplqdqfh lv/

9Reylrxvo| pdqxidfwxuhuv frxog ghflgh wr glvwulexwh wkhlu surgxfw wkhpvhoyhv udwkhu
wkdq xvlqj dq lqghshqghqw uhwdlohu qhwzrun1 Lq wklv fdvh/ dq dgglwlrqdo lvvxh dulvhv qdpho|
wkh lvvxh ri ghwhuplqlqj wkh erxqgdu| ri wkh �up1 Edvlfdoo| wklv ghflvlrq zloo ghshqg
rq pdqxidfwxuhuv* qhw sur�wv iurp xvlqj dq lqghshqghqw glvwulexwlrq v|vwhp uhodwlyh wr
pdqxidfwxuhuv* qhw sur�w iurp glvwulexwlqj wkhlu surgxfw gluhfwo|1 Zh dvvxph khuh wkdw
gluhfw glvwulexwlrq lv yhu| frvwo|1
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% E+� ' %E�� 	 f +76,

Djdlq/ xsrq vroylqj wklv frqglwlrq zh rewdlq/

? :
|

2r
+77,

Zh fdq hdvlo| vhh wkdw wkh wzr fdvhv duh pxwxdoo| h{foxvlyh1

Iljxuh 7= Frqglwlrqv iru d, wkh wudqvsruwdwlrq frvw grplqdqfh dqg e, wkh
wdvwh grplqdqfh1

Pdqxidfwxuhuv zloo eh lqgl�huhqw ehwzhhq ehlqj lq wkh fdvh ri wudqvsruwd0
wlrq frvw grplqdqfh ru lq wkh fdvh ri wdvwh grplqdqfh li erwk fdvhv jlyh htxdo
sur�wv1 Irupdoo|/ wklv fdq eh h{suhvvhg dv/

{�� '
�

e?
|� �

2
r ' f +78,

Zklfk fdq eh vlpsol�hg lqwr/

? '
|

2r

Iurp wkh suhylrxv uhvxowv zh nqrz wkdw wkh fdvh ri wudqvsruwdwlrq frvw
grplqdqfh h{lvwv li ? 	 |

2r
cdqg wkh fdvh ri wdvwh grplqdqfh h{lvwv li ? : |

2r
�

Khqfh/ lw lv fohdu wkdw erwk fdvhv zloo qhyhu jlyh htxdo sd|r�v1 Wkh fdvh ri
? ' |

2r
lv wkh erughu fdvh lq zklfk qhlwkhu wkh wudqvsruwdwlrq frvw grplqdwhv

wkh wdvwh qru wkh wdvwh grplqdwhv wkh wudqvsruwdwlrq frvw,1

4:



914 Pdqxidfwxuhuv* Lqfhqwlyh wr Vzlwfk Ehwzhhq Fdvhv

Vxssrvh lqlwldoo| zh kdyh ? ' |
2r
� Li iru dq h{rjhqhrxv uhdvrq shu xqlw wudqv0

sruwdwlrq frvw +|, lqfuhdvhv ru vxevwlwxwlrq frvw +r� ghfuhdvhv/ fhwhulv sdulexv/
zh zloo kdyh ? 	 |

2r
1 Wklv phdqv wkdw zh duh lq wkh fdvh ri wudqvsruwdwlrq

frvw grplqdqfh1 Li/ lqvwhdg/ | ghfuhdvhv ru r lqfuhdvhv/ fhwhulv sdulexv/ zh
wkhq kdyh ? : |

2r
1 Zh zloo eh lq wkh fdvh ri wdvwh grplqdqfh1

D pdqxidfwxuhu pljkw dovr eh deoh wr hqgrjhqhrxvo| vzlwfk iurp rqh
fdvh wr dqrwkhu e| lqfuhdvlqj ru ghfuhdvlqj wkh qxpehu ri uhwdlohuv lq wkh
pdunhw +vhh �jxuh 8 iru wkh fdvh ri lqfuhdvlqj ?,1 Zh nqrz wkdw wkh glvwdqfh
ehwzhhq wzr uhwdlohuv lv �

2?
1 Frqvhtxhqwo|/ li ? lqfuhdvhv +ghfuhdvhv, wkh

glvwdqfh ehwzhhq wkh wzr uhwdlohuv ghfuhdvhv +lqfuhdvhv,/ dqg wkxv zh pljkw
vzlwfk iurp rqh fdvh wr dqrwkhu1

Ehiruh dqdo|vlqj pdqxidfwxuhuv* lqfhqwlyh wr vzlwfk/ zh zloo �uvw sur0
ylgh wkh frqglwlrq xqghu zklfk pdqxidfwxuhuv duh deoh wr vzlwfk ehwzhhq
fdvhv1Wkh iroorzlqj ohppd vwdwhv wkh frqglwlrq1

Ohppd 5 Pdqxidfwxuhuv fdq vzlwfk iurp wkh fdvh ri wudqvsruwdwlrq frvw
grplqdqfh lqwr wkh fdvh ri wdvwh grplqdqfh/ dqg ylfh yhuvd/ li dqg rqo|
li | : 2r� Rwkhuzlvh pdqxidfwxuhuv fdq rqo| fkrrvh ehwzhhq wkh fdvh
ri wdvwh grplqdqfh ru wkh erughu fdvh1

Surri1 Ohw xv vxssrvh wkdw | � 2rc wkxv |
2r

� �� Wkh fdvh ri wudqvsruwdwlrq
frvw grplqdqfh suhydlov l� ? 	 |

2r
� Vlqfh wkh vpdoohvw srvvleoh qxpehu ri

uhwdlohuv lv �/ khqfh li |
2r

� � krogv/ pdqxidfwxuhuv fdq qhyhu eh lq wkh fdvh
ri wudqvsruwdwlrq grplqdqfh ehfdxvh ? fdq qhyhu eh vpdoohu wkdq 41 Wkhuh
duh rqo| wzr srvvleoh fdvhv/ qdpho| wkh wdvwh grplqdqfh fdvh

�
? : |

2r

�
ru wkh

erughu fdvh
�
? ' |

2r

�
1 Qrz/ ohw xv vxssrvh wkdw | : 2rczh zloo kdyh wkdw

|
2r

: �1 Xqghu wklv frqglwlrq/ pdqxidfwxuhuv fdq vhw wkh qxpehu ri uhwdlohuv
+wklv kdv wr eh dq lqwhjhu qxpehu, vxfk wkdw ? : |

2r
/ ru ? 	 |

2r
� �c ru ? ' |

2r
�

Li ? : |
2r

suhydlov/ zh duh lq wkh wdvwh grplqdqfh fdvh1 Exw li ? 	 |
2r

� �
suhydlov/ zh duh lq wkh wudqvsruwdwlrq grplqdqfh fdvh1 Ilqdoo| li ? ' |

2r

suhydlov/ zh duh lq wkh erughu fdvh1 Khqfh/ zh hvwdeolvk wkdw pdqxidfwxuhuv
fdq vzlwfk ehwzhhq fdvhv l� | : 2r1
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Iljxuh 8= Dgglqj Pruh Uhwdlohuv

Kdylqj hvwdeolvkhg wkh deryh ohppd/ zh zloo orrn dw wkh fdvh ri | : 2r
dqg dqdo|vh wkh lqfhqwlyh ri pdqxidfwxuhuv wr vzlwfk ehwzhhq wkh wzr fdvhv1

Sursrvlwlrq 5 Li shu xqlw wudqvsruwdwlrq frvw h{fhhgv shu xqlw vxevwlwxwlrq
frvw/ vxfk wkdw | : 2r/ pdqxidfwxuhuv suhihu wr eh lq wkh wudqvsruwdwlrq
grplqdqfh fdvh/ dqg pdqxidfwxuhuv* sur�wv zloo eh wkh kljkhvw zkhq
hdfk ri wkhp dssrlqwv dq h{foxvlyh uhwdlohu wr vhuyh wkh zkroh flw|1

Surri1 Vxssrvh pdqxidfwxuhuv suhihu wr eh lq wkh fdvh ri wdvwh grplqdqfh
dqg wkxv vhw ? vxfk wkdw ? : |

2r
� Wkh sur�wv iru pdqxidfwxuhuv duh �

2
r� Li

lqvwhdg pdqxidfwxuhuv fkrrvh wr eh lq wkh wudqvsruwdwlrq grplqdqfh fdvh/ ?
zloo eh vhw vxfk wkdw ? 	 |

2r
� Sur�wv zloo eh htxdo wr �

e?
|� Vxevwlwxwlqj ? ' |

2r

wr �
e?
|/ zh rewdlq �

2
r� Iru dq| ydoxhv ri ? 	 |

2r
zh rewdlq sur�wv zklfk duh

kljkhu wkdq �
2
r� Wkhuhiruh/ lw lv reylrxv wkdw li | : 2r suhydlov/ pdqxidfwxuhuv

zrxog suhihu wr eh lq wkh wudqvsruwdwlrq frvw grplqdqfh1

Iurp rxu suhylrxv dqdo|vlv zh nqrz wkdw li wkh fdvh ri wudqvsruwdwlrq
frvw grplqdqfh lv rswlpdo/ pdqxidfwxuhuv pd| zdqw wr lpsrvh dq h{fox0
vlyh whuulwru| uhvwulfwlrq1 Wklv jlyhv xv dq lqwhuhvwlqj lpsolfdwlrq1 Li shu xqlw
wudqvsruwdwlrq frvw E|� h{fhhgv shu xqlw vxevwlwxwlrq frvw Er� vxfk wkdw | : 2rc
lw lpsolhv wkdw frqvxphuv zloo eh pruh zloolqj wr vxevwlwxwh d surgxfw wkdq
wr wudyho wr d uhwdlohu zklfk fduulhv wkhlu suhihuuhg surgxfw1 Lq wklv nlqg ri
flufxpvwdqfh/ lw lv dfwxdoo| ehwwhu iru pdqxidfwxuhuv wr lpsrvh h{foxvlyh whu0
ulwru| uhvwulfwlrq/ wkxv gl�huhqwldwlqj pd{lpdoo| zlwk uhvshfw wr wkh glvwdqfh
glphqvlrq1 Wklv vhhpv wr eh lqwxlwlyho| sodxvleoh/ li frqvxphuv shufhlyh wkdw
lw lv ehwwhu iru wkhp wr vzlwfk wr dqrwkhu surgxfw udwkhu wkdq wr wudyho wr
d uhwdlohu mxvw wr sxuvxh wkhlu suhihuuhg eudqg/ wkhq lw lpsolhv wkdw surgxfwv
idfh d wrxjk lqwhu0eudqg frpshwlwlrq1 Wr uhod{ lqwhu0eudqg frpshwlwlrq/ d
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pdqxidfwxuhu frxog dvvljq dq h{foxvlyh whuulwru| uljkw wr d uhwdlohu1: E| gr0
lqj wklv/ wkh pdqxidfwxuhu fdq pdnh lw hyhq frvwolhu iru frqvxphuv wr vkrs
wr dqrwkhu uhwdlohu zklfk fduulhv wkhlu suhihuuhg eudqg1 Wkxv/ pdnhv xvh ri
klv pd{lpdo prqrsrolvwlf dgydqwdjh1 Dv d uhvxow wkh pdqxidfwxuhu zloo jhw
pruh orfnhg0lq frqvxphuv1 Lw pljkw eh ehwwhu iru wkh pdqxidfwxuhu wr dwwudfw
wkhvh orfnhg0lq frqvxphuv zkr zrxog vzlwfk ehfdxvh wkh wudqvsruwdwlrq frvw
lv wrr kljk wkdq wr wu| wr fdswxuh frqvxphuv zkr uhdoo| suhihuuhg wkh pdqx0
idfwxuhu*v eudqg1;1 Jlyhq rxu dvvxpswlrq wkdw wkhuh duh dozd|v htxdo qxpehu
ri uhwdlohuv iru erwk pdqxidfwxuhuv/ rqh fdq vkrz wkdw lqghhg lq htxloleulxp
hdfk pdqxidfwxuhuv zrxog olnh wr dvvljq d vlqjoh uhwdlohu1<

Qrz ohw xv orrn dw wkh fdvh zkhq | � 2r�

Sursrvlwlrq 6 Zkhq shu xqlw wudqvsruwdwlrq frvw lv orzhu wkdq shu xqlw
vxevwlwxwlrq frvw/ vxfk wkdw | � 2rc pdqxidfwxuhuv fdq rqo| eh lq wkh
wdvwh grplqdqfh fdvh1 Wkh qxpehu ri uhwdlohuv zloo wkhq eh ohvv lpsru0
wdqw iru pdqxidfwxuhuv1

Surri1 Ohppd +5, vkrzv wkdw zkhq | 	 2r suhydlov/ pdqxidfwxuhuv fdq
rqo| eh lq wkh wdvwh grplqdqfh fdvh +? : |

2r
,/ dqg fdqqrw vzlwfk wr wkh

wudqvsruwdwlrq grplqdqfh fdvh +? 	 |
2r
,1 Wklv fdq eh hdvlo| vkrzq1 Li | 	 2r

zh zloo kdyh |
2r

	 �� Vlqfh wkh vpdoohvw srvvleoh qxpehu ri uhwdlohuv lv 4 dqg
wkh frqglwlrq iru wkh wudqvsruwdwlrq grplqdqfh fdvh lv ? 	 |

2r
c lw lv reylrxv

wkdw wkh wudqvsruwdwlrq frvw grplqdqfh fdqqrw suhydlo1 Sursrvlwlrq 4 vwdwhv
wkdw lq wkh wdvwh grplqdqfh fdvh wkh qxpehu ri uhwdlohuv lv qrw lpsruwdqw1

:Wkxv/ zh kdyh d vlplodu uhvxow dv Uh| dqg Vwljolw} +4<<8,1 Dq h{foxvlyh whuulwru| uhvwulf0
wlrq fdq eh hpsor|hg wr gdpshq lqwhu0eudqg frpshwlwlrq1 Krzhyhu/ zh kdyh d gl�huhqw
zd| ri orrnlqj dw krz h{fxvlyh whuulwru| fdq eh xvhg wr uhgxfh lqwhu0eudqg frpshwlwlrq1
Uh| dqg Vwljolw} +4<<8, dujxh wkdw h{foxvlyh whuulwru| dowhu wkh shufhlyhg ghpdqg fxuyh/
pdnlqj hdfk pdqxidfwxuhu eholhyh vkh idfhv d ohvv hodvwlf ghpdqg fxuyh zklfk zloo lq0
fuhdvh wkh htxloleulxp sulfh dqg surgxfhuv* sur�w1 Lq wklv sdshu zh uho| rq wkh frqvxphuv*
ghflvlrq udwkhu wkdq rq wkh pdqxidfwxuhuv* shufhswlrq rq wkh ghpdqg fxuyh1

;Lq rughu wr fdswxuh frqvxphuv zkr uhdoo| suhihuuhg d pdqxidfwxuhu*v eudqg +vd| surg0
xfw D,/ wkh pdqxidfwxuhu fdq dgg dgglwlrqdo uhwdlohuv vr wkdw doo frqvxphuv zkr zrxog
olnh wr ex| surgxfw D frxog ex| dqg zloo qrw eh ghwhuuhg e| wkh kljk wudqvsruwdwlrq frvw1

<Zh duh dzduh wkdw wklv dvvxpswlrq dovr dfwv dv wkh olplwdwlrq ri wklv sdshu1 Li zh
uhod{ wklv dvvxpswlrq/ zh pd| qrw eh vxuh zkhwkhu ru qrw wklv lv d vxejdph0shuihfw qdvk0
htxloleulxp1 Zh vkrxog fkhfn zkhwkhu ru qrw d pdqxidfwxuhu zdqwv wr ghyldwh1 Wkh
htxloleulxp ghshqgv rq wkh pdjqlwxgh ri pdqxidfwxuhu* sur�wv iurp d ghyldwlrq1 Li wkh
ghyldwlrq lqfuhdvhv sur�wv/ wkhq zh pljkw kdyh d fodvvlf sulvrqqhu*v glohppd jdph1 Hdfk
ri pdqxidfwxuhuv zloo eh ehwwhu r� xvlqj d vlqjoh uhwdlohu/ exw wkh| frxog qrw fuhgleo|
frpplw wr gr vr1 Krzhyhu/ zkhq d ghyldwlrq ghfuhdvhv sur�wv/ wkhq d vlwxdwlrq zkhuh hdfk
ri pdqxidfwxuhuv dvvljqv d vlqjoh uhwdlohu frxog lqghhg eh wkh vxe0jdph shuihfw htxloleulxp1
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Wklv qxpehu zloo eh ghwhuplqhg e| wkh }hur sur�w frqglwlrq dw wkh uhwdlohu
ohyho1 Wkxv/ wkhuh zloo srwhqwldoo| eh pdq| uhwdlohuv lq wkh pdunhw1

Qrz/ vxssrvh wkdw |
2r

' �� Wkh rqo| srvvleoh fdvhv duh wkh wdvwh grpl0
qdqfh fdvh +? : |

2r
, dqg wkh erughu fdvh +? ' � ' |

2r
, fdvh1 Vlqfh wkh qxpehu

ri uhwdlohuv zloo qrw hqwhu lq wkh h{suhvvlrqv iru pdqxidfwxuhuv* sur�wv/ pdq0
xidfwxuhuv zloo qrw frqfhuq zlwk wkh qxpehu ri uhwdlohuv lq wkh pdunhw1 Li
wkhuh lv iuhh0hqwu| dw wkh uhwdlohu ohyho lw zloo eh pruh olnho| wkdw ? lv odujh/
dqg wkxv zh zloo eh lq wkh wdvwh grplqdqfh fdvh udwkhu wkdq lq wkh erughu
fdvh1

Wkh fdvh ri | � 2r ghslfwv d vlwxdwlrq lq zklfk frqvxphuv duh zloolqj
wr wudyho vx!flhqwo| idu mxvw wr jhw wkhlu suhihuuhg eudqgv1 Lw lpsolhv wkdw
frqvxphuv duh or|do hqrxjk wr wkhlu suhihuuhg eudqgv1 Wklv fdvh lv htxlydohqw
wr wkh fdvh lq zklfk wkhuh lv d zhdn lqwhu0eudqg frpshwlwlrq1 Dv wkh sulfh
frpshwlwlrq lv douhdg| vriw hqrxjk wkhuh lv qr qhhg wr lpsrvh dq h{foxvlyh
whuulwru| uhvwulfwlrq1

Rxu uhvxowv foduli| wkh uhvxow ri Pduwlqh}0Jrudow dqg Qhyhq +4<;;, hyhq
ixuwkhu1 Zh vkrz wkdw wkhlu uhvxow lv wuxh rqo| li frqvxphuv duh pruh dyhuvh
wr wudyho wkdq wr vxevwlwxwh wkhlu suhihuuhg eudqg1 Lw lv wkhq ehwwhu iru pdq0
xidfwxuhuv wr hvwdeolvk rqo| d vlqjoh uhwdlo rxwohw wr vhuyh wkh zkroh pdunhw1
Lq rxu lqwhusuhwdwlrq wklv phdqv wkdw pdqxidfwxuhuv zloo lpsrvh h{foxvlyh
whuulwru| duudqjhphqw1 Krzhyhu/ li frqvxphuv duh pruh dyhuvh wr vxevwlwxwh
wkhlu suhihuuhg eudqg wkdq wr wudyho/ wkhq zh vkrz wkdw pdqxidfwxuhuv zloo
qrw frqfhuq derxw wkh qxpehu ri wkhlu uhwdlo rxwohwv1 Pdunhw vhjphqwlrq
pljkw wkhq suhydlo1 Lw lv ehfdxvh wkh ehqh�w iurp pdunhw vhjphqwdwlrq zloo
rxwzhljk wkh frvw iurp sulfh frpshwlwlrq1

: Frqfoxglqj Uhpdunv

Lq wklv sdshu zh dqdo|vh wkh yhuwlfdo glvwulexwlrq v|vwhp ehwzhhq pdqxidf0
wxuhuv dqg uhwdlohuv xvlqj d wzr glphqvlrqdo krul}rqwdo surgxfw gl�huhqwldwlrq
prgho1 Surgxfwv duh gl�huhqwldwhg dorqj frqvxphuv* wdvwh dqg wkh orfdwlrq ri
uhwdlohuv1 Zh dujxh wkdw wkh wzr glphqvlrqdo vshfl�fdwlrq lv zhoo jurxqghg1
Surgxfwv duh pruh riwhq gl�huhqwldwhg dorqj vhyhudo fkdudfwhulvwlfv1 Wkhuh
pljkw eh dq lqwhudfwlrq dprqj wkhvh fkdudfwhulvwlfv1 Wkhvh surgxfw fkdu0
dfwhulvwlfv dqg wkhlu lqwhudfwlrq zloo lq xhqfh frqvxphuv* ex|lqj ghflvlrq1
Dv d frqvhtxhqfh wkh qdwxuh ri surgxfw fkdudfwhulvwlfv zloo eulqj lpsruwdqw
lpsolfdwlrq rq pdqxidfwxuhuv* ghflvlrq1

Zh irfxv wkh glvfxvvlrq rq wkh lqwhudfwlrq ehwzhhq wzr gl�huhqw surgxfw
fkdudfwhulvwlfv/ qdpho| frqvxphuv* wdvwh dqg uhwdlohuv* orfdwlrq1 Ghshqg0
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lqj rq vrph sdudphwhuv ri surgxfw fkdudfwhulvwlfv/ d pdqxidfwxuhu pljkw ru
pljkw qrw eh whpswhg wr lpsrvh dq h{foxvlyh whuulwru| uhvwulfwlrq1

Zh dvvxph wkdw wkhuh lv d gxrsro| frpshwlwlrq dw wkh pdqxidfwxuhu ohyho
dqg pxowl0�upv frpshwlwlrq dw wkh uhwdlohu ohyho1 Pdqxidfwxuhuv kdyh doo
wkh edujdlqlqj srzhu1 Zh frqvwuxfw d irxu0vwdjh jdph1 Lq wkh �uvw vwdjh/
pdqxidfwxuhuv ghflgh wkh rswlpdo qxpehu ri uhwdlohuv1 Lq wkh vhfrqg vwdjh
pdqxidfwxuhuv ghflgh wkh zkrohvdoh sulfhv1 Lq wkh wklug vwdjh uhwdlohuv ghflgh
wkh uhwdlo sulfhv1 Ilqdoo|/ rq wkh irxuwk vwdjh frqvxphuv sxufkdvh jrrgv1

Zh glvwlqjxlvk ehwzhhq wzr srvvleoh fdvhv/ qdpho|/ wkh fdvh ri wudqvsruwd0
wlrq frvw grplqdqfh dqg wkh fdvh ri wdvwh grplqdqfh1 Wkh �uvw fdvh uhihuv wr
d vlwxdwlrq lq zklfk frqvxphuv* ghflvlrq lv lq xhqfhg pruh e| wudqvsruwdwlrq
frvw udwkhu wkdq e| wkh wdvwh1 Wkh vhfrqg fdvh lv wkh uhyhuvh1 Iru hdfk ri
wkhvh fdvhv zh ghulyh wkuhh gl�huhqw vhjphqwv ri wkh djjuhjdwh ghpdqg1 Zh
vkrz wkdw wkh Qdvk htxloleulxp lq sxuh vwudwhj| lq uhwdlo dqg zkrohvdoh sulfhv
h{lvw rqo| rq wkh vhfrqg vhjphqw ri wkh ghpdqg ixqfwlrq iru erwk fdvhv1

Pdqxidfwxuhuv fdq lq xhqfh rqh glphqvlrq ri wkh surgxfw gl�huhqwldwlrq/
qdpho| wkh glvwdqfh ehwzhhq uhwdlohuv1 Zkhq d pdqxidfwxuhu dggv qhz uh0
wdlohuv/ wkh glvwdqfh ehwzhhq uhwdlohuv zloo jhw forvhu1 Li wkh glvwdqfh ehfrphv
vx!flhqwo| forvh/ wkh pdqxidfwxuhu fdq vzlwfk iurp wkh fdvh ri wudqvsruwd0
wlrq frvw grplqdqfh wr wkh fdvh ri wdvwh grplqdqfh1 Wkh uhyhuvh vzlwfklqj
lv dovr srvvleoh zkhq wkh pdqxidfwxuhu ghflghv wr ghfuhdvh wkh qxpehu ri
uhwdlohuv1 Zklfk fdvh lv suhihudeoh ghshqgv rq wkh qdwxuh ri wkh surgxfw
fkdudfwhulvwlfv1

Rxu uhvxowv vkrz wkdw zkhq wkh wudqvsruwdwlrq frvw grplqdwhv wkh vxe0
vwlwxwlrq frvw/ lw lv ehwwhu iru pdqxidfwxuhuv wr pdnh wkh glvwdqfh ehwzhhq
uhwdlohuv vx!flhqwo| idu1 Lq rwkhu zrugv/ pdqxidfwxuhuv kdyh wr pdnh wkh
wudqvsruwdwlrq frvw hyhq pruh grplqdqw1 Wklv fdq eh grqh e| dssrlqwlqj d
vlqjoh uhwdlohu wr vhuyh wkh zkroh flw|1 Krzhyhu/ zkhq wkh vxevwlwxwlrq frvw
grplqdwhv wkh wudqvsruwdwlrq frvw/ wkhq wkh qxpehu ri uhwdlohuv lq wkh pdunhw
lv qrw lpsruwdqw iru pdqxidfwxuhuv1 Wkh qxpehu zloo eh ghwhuplqhg e| wkh
iuhh hqwu| htxloleulxp dw wkh uhwdlohu ohyho1 Khqfh/ wkhuh frxog srwhqwldoo| eh
pdq| uhwdlohuv lq wkh pdunhw1

Wkh dqdo|vlv frxog eh h{whqghg lqwr vhyhudo gluhfwlrqv1 Lq wklv sdshu
zh dvvxph wkdw pdqxidfwxuhuv fdq rqo| lq xhqfh rqh dvshfw ri surgxfw gli0
ihuhqwldwlrq/ qdpho| wkh glvwdqfh ehwzhhq uhwdlohuv1 Lw frxog eh lqwhuhvwlqj
wr lqfrusrudwh hqgrjhqhrxv ghflvlrq ri pdqxidfwxuhuv wr lq xhqfh wkh frq0
vxphuv* wdvwh/ iru lqvwdqfh e| xvlqj dgyhuwlvhphqw ru e| lqfuhdvlqj eudqg
txdolw|1 Zh dovr frqvlghu rqo| wkh fdvh ri h{foxvlyh ghdolqj lq zklfk d uh0
wdlohu fduulhv rqo| d pdqxidfwxuhu*v eudqg/ dqg uhdwdlohuv gr qrw uhvlgh dw
wkh vdph orfdwlrq1 Zh frxog h{whqg wkh prgho wr frqvlghu wkh fdvh zkhq
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uhwdlohuv fduu| wkh surgxfwv ri wzr pdqxidfwxuhuv/ ru wkh fdvh zkhq wzr uh0
wdlohuv/ hdfk fduulhv d gl�huhqw eudqg/ uhvlgh dw wkh vdph orfdwlrq1 Zlwk wklv
nlqg ri dqdo|vlv/ zh zloo eh deoh wr glvfxvv wkh lvvxh ri uhwdlo vwruhv orfd0
wlrq1 Krz vkrxog pdqxidfwxuhv ghvljq dqg orfdwh wkhlu uhwdlo vwruhvB Vkrxog
pdqxidfwxuhuv ghvljq d edfn0wr0edfn uhwdlo frpshwlwlrq/ ru vkrxog wkh| qrwB1

Dsshqgl{ 4

Zh zloo vkrz wkh ghulydwlrqv ri wkh ghpdqg ixqfwlrqv1 Zh vwduw iurp wkh
fdvh ri wudqvsruwdwlrq frvw grplqdqfh1 Wkh �uvw vhjphqw ri wkh ghpdqg iru
surgxfw D fdq eh irxqg e| fdofxodwlqj wkh iroorzlqj gh�qlwh lqwhjudo/
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Wkh vhfrqg vhjphqw ri wkh ghpdqg ixqfwlrq fdq eh fdofxodwhg dv iroorzv/
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Wkh wklug vhjphqw ri wkh ghpdqg ixqfwlrq lv wkh fdq eh fdofxodwhg dv iroorzv/
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Iru wkh fdvh ri wdvwh grplqdqfh/ wkh �uvw dqg wkh wklug vhjphqwv ri wkh
ghpdqg ixqfwlrq duh wkh vdph dv lq wkh fdvh ri wudqvsruwdwlrq frvw grpl0
qdqfh1 Rqo| wkh vhfrqg vhjphqw ri wkh ghpdqg ixqfwlrq lv gl�huhqw1 Wklv
fdq eh fdofxodwhg e| vroylqj wkh iroorzlqj lqwhjudwlrq1
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Wkh ghpdqg iru surgxfw E fdq eh irxqg e| vxevwudfwlqj wkh ghpdqg iru
surgxfw D iurp wkh wrwdo djjuhjdwh ghpdqg1
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2?
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Dsshqgl{ 5

Lq zkdw iroorzv zh zloo vkrz wkh ghulydwlrq ri wkh htxloleulxp uhwdlo sulfhv
rffxulqj rq wkh �uvw vhjphqw ri wkh ghpdqg ixqfwlrq1 Wkh ghpdqg ixqfwlrqv
iru surgxfw D dqg surgxfw E rq wklv vhjphqw duh/
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Sur�w ixqfwlrqv iru uhwdlohuv fdq eh h{suhvvhg dv/
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zh rewdlq/
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Pxowlso|lqj wkh �uvw i1r1f1 e| �2?2|�|2
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zh jhw/
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Khqfh/ wkh wzr i1r1f*v fdq eh vlpsol�hg lqwr/
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Vroylqj iru wkh htxloleulxp uhwdlo sulfhv zh rewdlq wzr sdlu ri uhwdlo sulfhv
htxloleuld/
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Dsshqgl{ 6

Wkh surri wkdw wkh zkrohvdoh sulfh Qdvk0htxloleulxp grhv qrw h{lvw zkhq
wkh htxloleulxp uhwdlo sulfhv duh rq wkh �uvw dqg wkh wklug vhjphqwv ri wkh
ghpdqg ixqfwlrq lv rxwolqhg dv iroorzv1

Wkh sur�w ixqfwlrqv iru pdqxidfwxuhuv fdq eh h{suhvvhg dv/

�� ER�c R�� ' 2?(� ER�c R���� � ?S ' 2?s ER� � R���� � ?S
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Lq zklfk s ER� � R�� lv wkh ghpdqg ixqfwlrq h{suhvvhg dv d ixqfwlrq ri wkh
vsuhdg ehwzhhq wkh wzr uhwdlo sulfhv1 Wkh surri frqvlvwv ri wkuhh sduwv1
Iluvwo|/ zh zloo suryh wkdw R� � R� 	 f iru wklv fdvh1 Ohw xv vwduw e| vwdwlqj
frqglwlrqv iru wkh h{lvwhqfh ri wklv fdvh/ zklfk duh/ +E%� ' +E�� 	 fc dqg
f 	 +E%� ' +Ef� 	 �

2?
+vhh �jxuh 9,1

Iljxuh 9= Frqglwlrqv iru wkh H{lvwhqfh ri wkh Iluvw Vhjphqw ri wkh Ghpdqg
Ixqfwlrq
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Vroylqj wkhvh frqglwlrqv zh rewdlq/

f : 2? ER� � R��� 2?rn |

f 	 2? ER� � R�� n 2?rn | 	 2|

Wkhuhiruh/ wkh vsuhdg ehwzhhq wkh wzr uhwdlo sulfhv lv frqvwudlqhg hlwkhu e|/

f :
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2?
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ru e| wklv frqglwlrq/

f : r� |

2?
: R� � R�

Wkh wzr ri wkhvh wrjhwkhu lpso|/

R� � R� 	 f

Vhfrqgo|/ zh zloo suryh wkdw wkh vsuhdg ehwzhhq wkhvh wzr uhwdlo sulfhv lv
prqrwrqlfdoo| lqfuhdvlqj ixqfwlrq ri wkh vsuhdg ehwzhhq wkh wzr zkrohvdoh
sulfhv1 Zh zloo xvh wkh htxloleulxp uhwdlo sulfhv ghulyhg ehiruh +h{suhvvlrqv
E���/ E�2�/ E���/ dqg E�e�1, wr fdofxodwh R���R�� dqg R2��R2�1 Zh zloo h{suhvv
wkhp dv d ixqfwlrq & ri wkh vsuhdg ehwzhhq wkh wzr zkrohvdoh sulfhv1
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Wdnlqj wkh ghulydwlyhv ri wkh deryh ixqfwlrqv zlwk uhvshfw wr �/ zh rewdlq/
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Erwk ghulydwlyhv kdyh srvlwlyh vljq1 Zh zloo xvh wkhvh uhvxowv odwhu rq1
Ohw xv jr edfn iru d zkloh wr wkh uhvxowv lq wkh �uvw sduw ri wkh surri1

Zh nqrz wkdw wkhuh duh wzr srvvleoh vsuhdgv ehwzhhq wkh wzr uhwdlo sulfhv/
qdpho|/
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2?r� |

?
	 f

Suhylrxv ghulydwlrq vkrzv wkdw Y&�E��
Y�

: f dqg Y&2E��
Y�

: f1 Wklv phdqv wkdw wkh
kljkhu wkh vsuhdg ehwzhhq wkh wzr zkrohvdoh sulfhv lv/ wkh kljkhu wkh vsuhdg
ehwzhhq wkh wzr uhwdlo sulfhv lv1 Wkxv/ zh duh vxuh wkdw iru R� � R� 	 f/ zh
vkrxog kdyh �� � �� 	 f�

Ilqdoo|/ zh zloo suryh wkh qrq0h{lvwhqfh ri wkh zkrohvdoh sulfh Qdvk htxl0
oleulxp lq sxuh vwudwhj| e| d frqwudglfwlrq1 Iluvw zh zloo h{suhvv wkh sur�w
ixqfwlrq ri pdqxidfwxuhuv dv d ixqfwlrq ri wkh vsuhdg ehwzhhq wkh wzr zkroh0
vdoh sulfhv1
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Ohw xv vxssrvh wkdw wkhuh h{lvwv d Qdvk htxloleulxp lq sxuh vwudwhj| lq wklv
fdvh1 Wklv Qdvk htxloleulxp lv rewdlqhg iurp vroylqj vlpxowdqhrxvo| �uvw
rughu frqglwlrqv iru zkrohvdoh sur�w pd{lplvdwlrq1
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Wklv lpsolhv wkdw wkh ghpdqg iru surgxfw D dqg wkh ghpdqg iru surgxfw E
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Iurp wkrvh ghpdqg ixqfwlrqv/ lw fdq hdvlo| eh vhhq wkdw li zh kdyh(� E�W

�c �
W

�� :
(� E�W

�c �
W

��/ wkhq lw pxvw eh wkdw �W

� : �W

�� Zh suryhg ehiruh wkdw uhwdlo
sulfhv duh dv vxfk wkdw R� 	 R�c zklfk lpsolhv wkdw �W

� 	 �W

�� Wklv lv fohduo|
d frqwudglfwlrq/ wkxv zh frpsohwh rxu surri1

Uhihuhqfhv

^4` Dqvdul/ D1/ Q1 Hfrqrplghv/ dqg M1 Vwhfnho/ +4<<;,/ �Wkh Pd{0Plq0Plq
Sulqflsoh ri Surgxfw Gl�huhqwldwlrq�/ Mrxuqdo ri Uhjlrqdo Vflhqfh/ Yro1
6;/ ss153:05631

^5` Ehvdqnr/ G1/ dqg P1 Shuu|/ +4<<7,/ �H{foxvlyh Ghdolqj lq d Vsdwldo
Prgho ri Uhwdlo Frpshwlwlrq�/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Ru0
jdqlvdwlrq/ Yro145/ ss15<:065<1

^6` Ghju|vh/ K1/ +4<<9,/ Rq Wkh Lqwhudfwlrq Ehwzhhq Yhuwlfdo dqg Krul}rq0
wdo Surgxfw Gl�huhqwldwlrq= Dq Dssolfdwlrq wr Edqnlqj�/ Mrxuqdo ri
Lqgxvwuldo Hfrqrplfv/ Yro1 771/ ss149<04;91

^7` Hfrqrplghv/ Q1/ +4<;<,/ �Txdolw| Gl�huhqwldwlrq dqg Pd{lpdo Ydulhw|
Gl�huhqwldwlrq�/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ Yro14</ ss1540
5<1

^8` Pduwlqh}0Jludow/ [1/ dqg Qhyhq/ G1/ +4<;;,/ �Fdq Sulfh Frpshwlwlrq
Grplqdwh Pdunhw VhjphqwdwlrqB�/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/
Yro1 69/ ss176407761

^9` Qhyhq/ G1/ dqg M10I1/ Wklvvh/ +4<<3,/ Rq Txdolw| dqg Ydulhw| Frp0
shwlwlrq/ lq Jdev}hzlfv/ M1M1/ Ulfkdug/ M1I1/ dqg Zrovh|/ O1D1 +hgv,/
Hfrqrplf Ghflvlrq Pdnlqj= Jdphv/ Hfrqrphwulfv dqg Rswlplvdwlrq/
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