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Abstract

We derive closed-form expressions for the optimal weighting matrix
for GMM estimation of the stochastic volatility model with AR(1) log-
volatility, and for the asymptotic covariance matrix of the resulting esti-
mator. The moment conditions considered are generated by the absolute
observations (which is the standard approach in this literature) or by the
log-squared observations. We use the expressions to compare the perfor-
mances of GMM and other estimators that have been proposed, and to
optimally select small sets of moment conditions from very large sets.
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1 Introduction

Over the last two decades there has been an increasing interest in stochastic
volatility (SV), which was introduced by Clark (1973) and extended by Tauchen
and Pitts (1983), as a framework for the analysis of time-varying volatility in
financial markets. This interest is partly due to an important contribution by
Hull and White (1987), where SV models arise as discrete time approximations
to continuous time volatility diffusions used in option pricing. More generally, it
is recognized that SV models constitute a valuable alternative to GARCH-type
models for analysing financial time series (Ghysels, Harvey, and Renault (1996),
Shephard (1996)).

Due to the fact that in SV models the mean and the volatility are driven
by separate stochastic processes (implying that volatility is unobservable), SV
models are much harder to estimate than GARCH models. This paper presents
analytical results that may be used to improve and assess the quality of GMM-
based estimation of SV models. GMM, while not asymptotically efficient, is
still the simplest estimation method for SV models currently available. It has
been proposed by Taylor (1986) and Melino and Turnbull (1990), and its prop-
erties have been studied using Monte Carlo methods by Jacquier, Polson, and
Rossi (1994), Andersen and Sgrensen (1996, 1997), and Andersen, Chung, and
Sgrensen (1999). Other available estimation methods for SV models include
quasi-maximum likelihood (Nelson (1988), Harvey, Ruiz, and Shephard (1994),
Ruiz (1994)), simulated maximum likelihood (Danielsson and Richard (1993),
Danielsson (1994)), simulation-based GMM (Duffie and Singleton (1993)), indi-
rect inference (Gouriéroux, Monfort, and Renault (1993), Monfardini (1998)),
Markov chain Monte Carlo methods (Jacquier, Polson, and Rossi (1994), Kim,
Shephard, and Chib (1998), Chib, Nardari, and Shephard (2002)), efficient
method of moments (Gallant, Hsieh, and Tauchen (1997), Andersen, Chung, and



Sgrensen (1999)), Monte Carlo maximum likelihood (Sandmann and Koopman
(1998)), and (approximate) maximum likelihood (Fridman and Harris (1998)).
Apart from quasi-maximum likelihood, all of these methods are computationally
more demanding, as they rely — often quite heavily — on numerical simulation
and/or integration techniques both for obtaining point estimates and for as-
sessing the accuracy of the latter. In view of its simplicity, we consider GMM
estimation as a useful alternative to the more elaborate methods.

In this paper we derive closed-form expressions for the optimal weighting
matrix for GMM estimation of the basic SV model, and for the asymptotic
covariance matrix of the optimal GMM estimator, for a large class of moment
conditions. To date, applications of GMM in this context have typically relied
on a nonparametrically estimated weighting matrix, because an expression for
the optimal weighting matrix (as a function of the parameters) was not available.

The moment conditions that we consider fall into two categories. The first
set of conditions is obtained by considering the first two moments and the auto-
covariances of any order of the log-squared observations. These conditions have
recently been considered by Wright (1999), in connection with the fractionally
integrated SV model. The second set of moment conditions are derived from
the absolute observations and are more standard in this literature. We study
moment conditions that involve the product of any number of absolute observa-
tions, each one raised to any positive integer power and lagged any number of
periods. This set considerably extends the set of moment conditions that have
been employed so far. The results that we present pertain to any selection of
moment conditions from these two sets.

In Section 2, we present the basic SV model and the moment conditions.
Expressions for the optimal weighting matrix and the asymptotic covariance
matrix of the GMM estimator are derived in Section 3. Section 4 presents

some comparative evidence on the relative efficiencies of the GMM and other



estimators (partly compiled from the literature). We also show how the ana-
lytical results of this paper provide a fast and accurate tool to select a small
set of highly informative moment conditions from very large sets of moment

conditions. Section 5 concludes. Proofs are given in the Appendix.

2 Moment conditions for the SV model
The basic SV model is given by

yr = exp (he/2) ue, (1)

hivr = p+ ¢(he — p) + 0v/1 — Py, (2)

where y; is observable, h; is latent log-volatility, (u¢, v¢) is i.i.d. N(0,7), and § =
(1, ¢, 0)" is a vector of parameters. The restriction |¢| < 1 is imposed, ensuring
that y, is stationary and ergodic. While it is more common to parameterise the
model in terms of A = (@, ¢,w)’, with @ = (1 — ¢) and w = a\/m, we
prefer the parameterisation in terms of @ for algebraic reasons and because of an
invariance with respect to p given below. For comparison with earlier studies,
however, numerical standard errors will be presented in terms of .

From the point of view of inference, the fundamental problem with the SV
model is the latent character of h;, which makes it difficult to compute the values
of the likelihood function and hence to estimate # by maximum likelihood. It is
easy, however, to derive moment conditions implied by the SV model and then
to apply the Generalized Method of Moments (Hansen, 1982). The moment
conditions considered in this paper relate either to the log-squared observa-
tions, logy?, or to the absolute observations, |y;|. The latter class of moment
conditions constitutes the standard approach to GMM estimation of SV models
(Taylor (1986), Melino and Turnbull (1990), Jacquier, Polson, and Rossi (1994),
Andersen and Sgrensen (1996, 1997), Andersen, Chung, and Sgrensen (1999)).

The former class of moment conditions is suggested in passing by Jacquier,



Polson, and Rossi (1994), and is effectively employed by Wright (1999) in the
context of the fractionally integrated SV model.

Moment conditions related to logy? are easily obtained. It follows from (1)
that logy? = hy + logu?. The mean and variance of logu? are known to be
c1=—log2—~vy=-1.2704 and c; = %772 = 4.934 8, respectively, where v = 0.

5772 is Euler’s constant. Let

z=logy; —p—a

=hy — p+logu? —cy.

Since hy ~ N(u,02), Cov(hg, hy_;) = @02, and w, is i.i.d. and independent of

hy, it follows that

E [Zt] =0, (3)

B2z = ¢'o® + Ii—gyc2, 1> 0, (4)

where I,y is the indicator function. It can be shown that none of these conditions
is redundant in the sense of Breusch et al. (1999).

We now derive the class of moment conditions generated by the expectation
of |yﬁ yzi |, where i1, ..., i, are positive integers and ¢; > ... > t,. Let v; be the
i-th absolute moment of a standard normal random variate, i.e.
yif2 <i+1> VE (5! fori odd,

vi = Blug|' = ﬁF 5

4! .
W for ¢ even,

where I'(z) is the gamma function. Then, because t; > ... > t,,

Furthermore, Z§:1 ijht; is normally distributed with mean p Zle i; and vari-

ance o2 Z?j,:l ijijrgbltf_tj/l. So, by property that Eexp(X) = exp(a + 3b%)



when X ~ N(a,b?), we have

1E . .
Bexp | 5 ishe, | =exp (01712),

Jj=1
where
u o2 &
L1seeylp L . e s s |ti—ti]
ity T 9 ZZJ + 3 Z i e
j=1 J,j'=1

Hence, defining

P
Y;/ll,.‘.,t; = exp (_5151,...,152) H Vi ytj
i=1
. . 1 p .
B1yeeesly . —1 iy
= exp (76t1,.44,t£> exp §szhtj H Vi U |
=1 j=1
it follows that
E [Ytﬁ{j;;;ﬂ =1, ineipy > 1 > >t (5)

It is obvious that adding the same integer to i, ...,%, yields the same moment
condition. As far as we know, within the class of moment conditions defined by
(5), only moment conditions where p = 1 or where p = 2 and i; = iy € {1,2}

have so far been considered in the literature.

3 Optimal GMM

Let E(f;) = f be a finite selection of the set of moment conditions given by
(3)—(5) that identifies 6. Let g = f; — f. By assumption, the observations
on y; permit us to calculate g1, ..., gr as functions of §. The optimal GMM
estimator (Hansen (1982)) of 6 based on this selection is § = argming §'V '3,

where g = T} Zle g and 1% consistently estimates V', where

o

V = Z E(gtgé_l)z Z Cov(ftaft/—l)'

l=—00 l=—00



The asymptotic covariance matrix of VT'(f — 0) is (D'V-'D)~!, where D =
E (%%). Expressions for D and V, for an arbitrary selection of moment con-
ditions, are presented below. These expressions make it possible to compute the
optimal weighting matrix V ~! and the asymptotic covariance matrix (D'V -1 D)~!
of the GMM estimator as functions of the parameter values. Substituting es-
timates for these parameter values yields estimates of V~! and (D'V~1D)~!
which will generally be more precise than the nonparametric estimator based on
Bartlett weights that is routinely used in a GMM context. The Monte Carlo re-
sults of Andersen and Sgrensen (1996) show that the latter estimator of V' may
be imprecise even in samples of size 50,000. Using the expressions presented
here avoids such problems. Furthermore, the expression for V makes it also
possible to estimate € by the continuous-updating GMM estimator of Hansen,
Heaton, and Yaron (1996), that is, by solving ming g’V ~13.

Some straightforward calculus shows that the rows of D are to be selected

(according to the selection of moments) from

-1 0 0
i i—1 2 _9 i . .
0 (Yoxmedes 2¢'c 1> 0;
—V,80 ’;’j VT ’“’ V8 ”P i1y iy > 1t > >ty

where
P
iy 1
L1yee5lp
vﬂéth...,tp - 2 §

P
i i o?
i1yt _ O o t—t]—1
V¢5t1,... g E Zﬂj/|tj t]"ﬁb’ J )

ity
jj':1
01 5eeslp e |t; —t; "
AV 6t1,..‘,tp = E i@
J] =

The main result of this paper is an expression for the elements of V', given in

Theorem 1 below. Let ¢; = E(logu? —c1)?, i = 3,4. It is shown in the Appendix



that

3 = —14¢ (3) = —16.829,

cq = It =170.47,

where ¢ (z) is the Riemann zeta function. For i > 1, let

41
ﬁi:10g2+¢(l+ >—cl,

2

i1+1
&=k +0 (T) — ¢,

where 9(z) = “LlogT(z), the digamma function, and ¢'(z) = “Ly(2), the

trigamma function.

Theorem 1 For any a; and by, let V(ay,by) =Y = Cov(a,bi—;). Leti,j >

0. Then
1+
V(Zt,Zt) = 1_202—1—62, (6)
Vi(ze, 2e20-5) = I(j=0)C3, (7)

‘/v<2:t2:t,i7 ZtZt,j) = A10'4 + A2020'2 + I(i:j;ﬁo)cg + I(i:j:()) (04 — C%), (8)

where

14 ¢

Ay =i — j| @' 4 i+ 5] SV & (¢|z‘fj| +¢|z‘+j\) et

Ay =2 (¢|H‘| 4 ¢\i+j|) ,
Let iy, ...ipyq > 161 > o >ty tpp1 > o > tpyg; and let
L={ll{t1,...tpy N {tps1 — I, ..., tprq — I} # D}.
Then

1% (Y“"“’i” Yi”+1""’i‘”+q> =B+> (Bi+1)C, (9)

L1ty ) T lpisetptg
leL



where

> 2 P pta
B= Y B Bmew|TX 3 aidt ) -,
f=mo0 J=1j'=p+1
ptq P ., bta )
o= (Tt | 2 (1T | TT Juirf) -
=1 i=1 j=p+1
and
V (2, Y1) = Dio® + Dy, 10)
V (sz0Yiir) = Dio* + Dlo? 4 D, )
where

]

iy

|
N |
N
= =
%
<15
N———
.
ngh
S

p
‘D2: E K/ijv
Jj=1

L~ Jom] s
DIIZZZWW ’ it =ty T+ )

1 g . ; X .
=} 35 i (e,

14

P
Dj = I(i—o) 251‘]- + Z I(i:tj—tj,;éo)"fij“ij/-
j=1

Jj'=1

We see that, not unexpectedly, the optimal weighting matrix, V!, and
the GMM asymptotic covariance matrix, (D'V~tD)~1 do not depend on u.
From a computational point of view, notice that L has at most pq elements, so
computing Y, (B; + 1)C; requires a finite number of steps. Furthermore, B
can be approximated by B(I) = ZZI:_I By, where I is a positive integer. As
the following lemma shows, the error of approximation |B — B(I)| is bounded
by an exponentially decaying function in I, and this bound can be inverted to

determine I as a function of the desired accuracy of the approximation.



Lemma 1 Let i1,...,0p4q > 1; t1 > ... > 1y tpp1 > oo > tpig; and let I be a

positive integer. Then

exp(algll) — 1
B-B(lH)|<2————,
B B()| <2220
where
o2 p ptq o
a:zz Z ijij/|(]§| It; '7/|.
j=1j'=p+1

If one is interested in A rather than 6, one may apply the transformation
0 — A(0) to yield A = A(0), the optimal GMM estimator of )\, which has

asymptotic covariance matrix (£2:)(D'V~1D)~1(Z3)’, with

1—¢ — 0
8_)\/ = 0 1 0
00 0 (1 — )12 (1 - ¢?)l/?

4 Comparison of GMM and other estimators

In this section we first compare the relative efficiencies of GMM and other
estimators, for two sets of values of A\, namely («, ¢,w) = (—0.736,0.90,0.363)
and («, ¢,w) = (—0.1472,0.98,0.1657). These parameter values have been used
in earlier Monte Carlo studies (Jacquier, Polson, and Rossi (1994), Andersen and
Sgrensen (1996), Fridman and Harris (1998), Sandmann and Koopman (1998),
Andersen, Chung, and Sgrensen (1999)). Tables 1 and 2 present the results. The
asymptotic standard errors of the GMM estimators were computed using the
expressions derived above. The moment conditions were selected from the set
related to the log-squared observations, or from the set related to the absolute
observations, or from both. For comparability with other studies, from (5)
we only selected moment conditions for which p = 1 or for which p = 2 and
i1 = iz € {1,2}. The (finite sample) standard errors of the other estimators were
taken from the aforementioned Monte Carlo studies and multiplied by v/T. The

relative asymptotic efficiency of the GMM estimators is seen to increase rapidly
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with the number of moments, at least when this number is small. Using a large
number of moment conditions yields asymptotic standard errors slightly above
those of the MCMC method, which is known to be asymptotically efficient. In
this respect, it appears that some of the published standard errors regarding
ML and Monte Carlo ML are not in line with those of the MCMC method.

In Monte Carlo studies it is often found that the small sample bias of the
GMM estimator grows with the number of moment conditions. Newey and
Smith (2000, 2001) show that the number of terms of the second-order bias
increases linearly with the number of moment conditions. Thus, rather than
using a large number of moment conditions (relative to the sample size), it is in
terms of bias often safer to select only a small number of them. It is important,
then, to choose the moments judiciously, in the sense that they contain as much
information as possible for the estimand. Several authors have addressed the
question of how to select the moment conditions to estimate the SV model,
essentially by resorting to Monte Carlo simulation of the accuracy of the GMM
estimator for any given choice of moments. The results of the previous section
provide a more precise and much faster tool to guide the choice of moments. To
illustrate this point, consider the sets My and M4 of log-moment and absolute
moment conditions, respectively, defined as

My, : (3)—(4) with ¢ < 50,

20 forp=1,
M : (5) with max|t; —t;| <15 and 37 05 <
7 4  forp=23 4.

The sets My, and M4 comprise 52 and 985 moment conditions, respectively. We
performed a search for the set of £ moment conditions, selected from either M,
My, or Mp UMy, that yield the smallest asymptotic standard error of qAS Global
optimisation, by enumeration, was performed over My, for k = 3,4,5, and over
My and My, U M4 for k = 3. Global optimisation over M4 and My, U M4 for

k =4 and k = 5 turned out to be infeasible in terms of computation time, and

11



Table 1: Standard errors of v/T\

T # Moments Method of estimation Standard Error of
VTa To To
00 3 GMM (log-moments)® 127.52  17.31  32.66
00 12 GMM (log-moments)® 12.04 1.63  3.80
00 27 GMM (log-moments)® 10.06  1.36  3.22
00 102 GMM (log-moments)® 10.04 1.36  3.22
00 3 GMM (absolute moments)® 178.46  24.18 46.78
00 15 GMM (absolute moments)? 11.34 153 2.96
00 30 GMM (absolute moments)? 8.14 1.10 218
00 75 GMM (absolute moments)® 7.55 1.02 2.03
o0 14 GMM (joint moments)®© 16.92  2.29 4.27
00 22 GMM (joint moments)®© 11.30  1.53  2.92
00 42 GMM (joint moments)®© 8.12 1.10 2.14
00 102 GMM (joint moments)®© 7.53 1.02 199
10000 14 Infeasible GMM? (true weight) — 11.4 1.6 3.1
4000 14 Infeasible GMM? (true weight)  10.6 1.5 3.1
4000 4 EMM: GARCH(1,1)¢ 9.51 1.2 3.1
4000 6 EMM: GARCH(1,1) - Kz(2)¢  9.68 1.3 3.2
4000 8 EMM: GARCH(1,1) - Kz(4)¢ 828 1.1 21
2000 24 GMM/ 18 3 3.8
2000 - Quasi-ML7 20 3 4.8
2000 - McMmcs 6.6 1 L5
500 - ML9 9.1 1 2
500 - Monte Carlo ML" 0.5 2.2 2

Parameter values: (o, ¢, w) = (—0.736,0.90, 0.363).

GMM conditions are selected from Eqs. (3)—(5), as indicated below. Most

footnotes refer to multiple lines in the Table.

a. Egs. (3)—(4) with ¢ running from 0 to 1, 10,25, and 100, respectively.

b. Eqs. (5) with p =1, ¢; running from 1 to 1,5,10, and 25 respectively; and
Eq. (5) with p =2, i1 = i2 € {1,2}, ¢1 — t2 running from 1 to 1,5,10, and 25
respectively.

c. Egs. (3)—(4) with ¢ running from 0 to 3,5, 10, and 25, respectively; Eq. (5)
with p =1, 41 running from 1 to 3,5, 10, and 25, respectively; and Eq. (5) with
p =24 =iz € {1,2}, t1 — t2 running from 1 to 3,5,10, and 25, respectively.
d. Andersen and Sgrensen (1996), Table 3: Eq. (5) with p = 1, 41 running
from 1 to 4; Eq. (5) with p =2, 41 = i3 =1, t; — t2 € {6,8,10,12,14}; and
Eq. (5) with p =2, i1 = ia = 2, t1 —ta € {15,17,19,21,23}. ‘Infeasible GMM’
uses a nonparametric estimate of the weighting matrix based on a large sample
of simulated data using true parameter values.

e. Andersen, Chung, and Sgrensen (1999), Table 3.

f. Jacquier, Polson, and Rossi (1994), Tables 5-7. For GMM: Eq. (5) with
p =1, i1 running from 1 to 4; and Eq. (5) with p =2, 41 =i € {1,2}, t1 —t2
running from 1 to 10.

g. Fridman and Harris (1998), Table 1.

h. Sandmann and Koopman (1998), Table 2.

12



Table 2: Standard errors of T\

T # Moments Method of estimation Standard Error of
VTaé VTo VTG
00 3 GMM (log-moments)® 136.37 1853  77.30
00 12 GMM (log-moments)® 6.67 0.90 4.00
00 27 GMM (log-moments)® 2.96 0.40 1.71
00 52 GMM (log-moments)® 2,51 0.34 1.39
00 102 GMM (log-moments)® 2.49 0.34 1.37
o) 3 GMM (absolute moments)®  264.71  35.95  150.79
00 15 GMM (absolute moments)® 8.49 1.15 4.79
%) 30 GMM (absolute moments)? 415 056 228
00 75 GMM (absolute moments)® 2.48 0.34 1.23
00 14 GMM (joint moments)®© 14.95  2.03 8.43
o0 22 GMM (joint moments)®© 8.45 1.15 4.76
00 42 GMM (joint moments)®© 4.12 0.56 2.26
00 102 GMM (joint moments)® 2.44 0.33 1.20
4000 4 EMM: GARCH(1,1)4 28 037 13
4000 4 EMM: GARCH(1,1) - Kz(2)¢ 2.9 039 18
4000 6 EMM: GARCH(1,1) - Kz(4)¢ 2.7 036 10
500 24 GMM*® 5.8 0.80 2
500 - Quasi-ML® 12 2 3.1
500 - MCMC*® 2.7 0.4 1
500 - ML/ 04 030 08
500 - Monte Carlo MLY 0.2 2 1

Parameter values: (o, ¢,w) = (—0.1472,0.98,0.1657).
GMM conditions are selected from Egs.

footnotes refer to multiple lines in the Table.
a. Egs. (3)—(4) with ¢ running from 0 to 1,10, 25,50, and 100, respectively.

(3)-(5), as indicated below. Most

b. Eq. (5) with p = 1, 41 running from 1 to 1,5,10, and 25 respectively; and
Eq. (5) with p =2, i1 =42 € {1,2}, ¢t1 — t2 running from 1 to 1,5,10, and 25
respectively.

c. Egs. (3)—(4) with ¢ running from 0 to 3,5, 10, and 25, respectively; Eq. (5)
with p =1, 41 running from 1 to 3,5, 10, and 25, respectively; and Eq. (5) with
p=2, 141 =12 € {1,2}, t1 — t2 running from 1 to 3,5, 10, and 25, respectively.
d. Andersen, Chung, and Sgrensen (1999), Table 3.

e. Jacquier, Polson, and Rossi (1994), Tables 5-7. For GMM: Eq. (5) with
p =1, i1 running from 1 to 4; and Eq. (5) with p =2, i1 =2 € {1,2}, t1 — t2
running from 1 to 10.

f. Fridman and Harris (1998), Table 1.

g. Sandmann and Koopman (1998), Table 2.

13



Table 3: Asymptotic standard errors of \/Té for parsimoniously se-
lected moments

Moment set &k  Selected moments Standard Error of
VTé T Ta
My, 3 221215 2 -1 18.31  2.49 5.41
My 3 YAY R Yk 10.59 144 472
MUM4 3 zzm10 Y5 Y s 10.08  1.37  4.07
My, 4 245242013 2421105 24 2t—12 14.78  2.01 4.62
My 4 VLYY e Y i s 9.65 1.31 255

1,1,1 1,1,1
MpUMa 4 220035 Y s e as Yiir 1y 946 128 4.16

My, O 24y ZyZt—13)Zp24—95 Z4Zt—115 242t —14 13.37 1.82 4.31
My 5OV LY LY aY o eis 9.07  1.23 247
MUM4 5 YEYRY )P Vi), 1s 9.07  1.23 247

Parameter values: (o, ¢,w) = (—0.736,0.90,0.363).

in these cases we experimented with the Point Exchange algorithm (Fedorov
(1972)). This algorithm does not necessarily yield the global optimum, and its
output depends on the starting selection of moment conditions as input. By
picking the starting selection at random and repeating this a couple of times,
the algorithm was able to reproduce the global optimum in all cases where
enumeration was possible. We therefore applied it in those cases where global
optimisation was not feasible, without the guarantee of having found the glob-
ally optimal selection of moments from the specified sets. The parameter values
were fixed at (a, ¢,w) = (—0.736,0.90,0.363), as in Table 1. Table 3 reports
the selected moments and the asymptotic standard errors of the corresponding
GMM estimators. Comparing Table 3 with Table 1 yields the following conclu-

sions: (i) there is a dramatic increase in efficiency by selecting the moments in an

14



optimal way; (ii) given that the efficiency bound for the asymptotic standard er-
ror of /T qg (which is asymptotically attained by the MCMC estimator) appears
to be around 1, the efficiency loss of the GMM estimator with optimal moment
selection from M, U M4 is not excessively large, even in the just-identified case
(k = 3); (iii) while M4 contains a richer (also a much larger) set of moment
conditions than My, — as is reflected by the smaller asymptotic standard errors
— the combination of M4 and M}, may yield an improvement upon M4, as is
the case here for k = 3 and k = 4. Finally, we remark that the optimal selection
of moment conditions from any given set generally depends on the parameter

values.

5 Conclusion

The standard approach in the literature on GMM estimation of SV models has
been to derive closed-form moment conditions from the expectations of |y,
|yt ye,| and |y7 y7,| for any i, t1, and to. We have extended this class of condi-
tions to include the expectation of |y§iyz;’| for arbitrary i1, ...,%p and ¢y, ..., tp,
and, following Wright (1999), the first two moments and the autocovariances
of logy?. A closed-form expression for the optimal weighting matrix for any
subset of those conditions has been derived and, as a by-product, an expression
for the GMM asymptotic covariance matrix. These expressions can be used for
improved GMM estimation of the SV model with AR(1) log-volatility and to
compute GMM standard errors more accurately. It is also of interest to note
that, upon redefining ¢;, v;, k;, and §; appropriately, all expressions are gener-
alised to SV models where the multiplicative shocks in the mean equation (1)

are non-normal.
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Appendix

Calculation of c¢3 and c4. For any positive integer n, upon substituting

t=2a2/2,

/Z (log 12_2)71 (%) e /2y — 2/000 (log ””—;)n (#) =T /2
= % /OOO (logt)" t~/2e~tdt
_I(3)
)
where T'("™)(z) is the n-th derivative of T'(z). See Abramowitz and Stegun (1970)

for properties and values of the gamma and related functions that are used

below. Now, ¢; = —log2—v = ¢ (%) +log 2, where 1(z) = d% logT'(z) = %)ﬂ

Hence, for n = 3,4,

Cn = / (logz? — ¢;)" (%) e " 2y

— 00

= [ (e - v )" () e s

— o0
~ 00 (3).

where

m@=> () F v (12)
Taking successive derivatives of I'Y) (2) = " (2) 1 (2) gives, upon rewriting,
@ (2) =T (2) {o' (=) + W ()},
) (2) =T (2) {0 (2) + 30/ (2) ¥ (=) + W ()},
T (2) = T () {9 (2) + 40" (2) + 3¢ (2) [o' () + 2 [0 ()] + [ (20}

where primes denote derivatives. Substituting these expressions into (12) yields

g3 (2) =¢" (2)

and



Now, ¢/ (1) = =, 4 (3) = —14¢(3), and ¢ (%) = 7%, where ((3) = 1.202.
Hence c3 = —14¢ (3) = —16.83 and ¢4 = In? = 170.5.

The proof of Theorem 1 makes use of the following lemmas.
Lemma 2 Let X ~ N(0,1) and let a be a positive integer. Then

Cov(log X2, |X|) = veka (13)

and

Cov((log X* — ¢1)?, | X)) = va&a- (14)
Proof. Upon substituting z = 22/2,

Cov(log X2, X)) —2/ (logz? — ¢1) 2° (L) e~ /24y

2

2a/2

/ (log z +log 2 — ¢1) 2\ V/2e2

a/2
(e (23 )

= VaRa,

and, using F”((ZZ)) =1/ (2) + (¢(2))? (with primes denoting derivatives),

2m

Cov((log X2 — ¢1)2, | X® :2/00 logaz? — 1) — o] 2 (k=) e*"/2d
ov((log c1)?,|X%) ; {(og:r c1) CQ]x (\/—>e x

= 22 [ [(logz +1log2 — ;) — cz} Ze=D/2e=2
v Jo
22 rat1\ (T7(22)

= r + (log2 — —
VT <2>< r(gy flermal e

1

+2(log 2 — ¢1)9 (a—;— )

= Va&a-

Lemma 3 Let X1, X3, and X3 be jointly normal with u; = EX; and o;; =
Cov(X;, X;). Then

Cov(X7,exp X3) = o13exp (,ug + %033) (15)

17



and
Cov(X1X2,exp X3) = (013023 + p1023 + p2013) exp (13 + $033) - (16)

Proof. Assume first that p; = 0 and oy > 0 for all 4. Let p;; = aijajflej
be the conditional mean of X;, given X;, and oy, = 0y — aikajkak_kl the
conditional covariance between X; and X, given Xj,. Then,
Cov(X1,exp X3) = Cov(E(X1]X3), exp X3)
= 013053 Cov(X3, exp X3)
= 013 €Xp (%033) ,
Cov(X1Xs,exp X3) = Cov(E (X1 X2|X3),exp X3)
= Cov(p1j3pi2)3 + 01213, €xp X3)
= 01302303_32 Cov(X2, exp X3)

= 013023 exp (5033)

using the fact that, for a standard normal variate X,

oo
Cov(X,exp(bX :/ zeb® (- ) e /2dy
(Kexp(vX)) = [ we ()
B B P R e
—[mx(m)e dx
=bexp (%bQ)
and
[ee]

Cov(X? exp(bX)) = / (% —1)e>® (#) e~ 2y

—00

= /OO (2 —1) (\/%) e~ (@240 /2y

— 00

=b’exp (%bQ) .

The extension to the case where p; # 0 for some 4 is straightforward, and any
degenerate case follows upon taking the appropriate limit in the non-degenerate

case.

18



Proof of Theorem 1. Write z; = k; + wy, where ky = hy — p and w; =
logu? — ¢;. Then, w; and k; have zero mean and are independent, and, for
any integers i, j, I, we have Cov(k, ki_;) = ¢l'lo?, Cov(kik;_;, ki—;) =0, and
Cov(kiki—i, ki—jki—y) = (@lIIH1=U 4 @llFli=il)g4 Using these properties and

the equalities

> -t
1—¢’
l=—00
0o ' _ o 1+¢)2
i+l +]7+1 — 4li—3] s
we obtain, for i,5 > 0,
Vi(zt, 2e) = Z [Cov(ky, kt—1) + Cov(we, we—p)]
l=—00
= Z (¢“|‘72+I(l:0)02>
l=—o0
1+
= = 202 + ca,
V(zt, 2e20—5) = Z Cov(wy, we—jwi—j—q)
l=—0c0
= > lu—j-ocs
l=—o0
= I(j=0)c3;

19



and

V(zize—i, 212e—5) = Z [Cov(kiki—i ki—iki—j—1) + Cov(weks—i, ki—jwi—j 1)

l=—00

+ Cov(wiki—s, wi—iki—j—1) + Cov(kywi—;, ke—jwi—j_p)
+ Cov(kywi—i, wi—iki—j—1) + Cov(wpwy—;, we—jw—j_yp)]

o0
== [((bmwfm +¢|j+u+|zfi|) o+ Iy ¢ cy0”

l=—0c0

+ Ig—o)dl " leao® + Iymiojy 8" eao® + I—yy 9" ey0°

L (imjz0y L1=0)¢3 + Li=j=0)L1=0) (ca — 3)]
:(“_ﬂﬁwﬂ+”+ﬂ¢wv+(@Fj+¢mg)3+$) "
+92 (¢\i—j\ + ¢|z’+j\> e20% 4 T 0y 3 + Toyoy(ca — 2),

giving (6)—(8). To establish (9), recall the definition of Ytill)’_‘_'_;’ti”, from which

p+1 =l stpyg—l

z % % %
COV( 1. ,t: Yp+1’ tptgq )

— E YZIMU,ZPYZp‘Fl’.“’ip*»q _ 1
t1»~~7tp

tp+17l,‘..,tp+q7l

) ) 1 p p+q
_ _ SWseentp Ip1se 7ZP+11 -
= Eexp 5751,»--7% 6tp+1 stptq 2 Z Z Zjht -
j=1 j:p+1
P -, ptq ]
—1, i —1, % _
x E H Viy Ut H i tj—l’ 1
j=1 j=p+1
Now,
4 p+q
1 . 1 .
Fexp B E Zjhtj—‘r§ E Zjhtj—l
j=1 j=p+1
. . 2 P p+q
T1yeenyl 7 ) t; 1
=exp | 0y + 0,0+ E E ijigeplti
J=1j'=p+1
SO

Cov (Vi viriyine ) = (Bi+1)(Cr+1) — 1

tp P T tppa—letpypg—l

=B+ (Bl + 1)0[
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Summing over [ gives (9), because C; = 0 whenever [ ¢ L. Furthermore, by (13)

and (15),
Cov (zt, Y:;:j;_’?ftpfz)

=F | kiexp 752 :’1p+ Zz]ht]_l

P
+ | Eexp 753 ’l”Jr szhtj_l E thV

P
o2 .
~ 2 Z gl =t +§ :I(t:t;‘*l)’iij’

Jj=1

which, upon summing over [, gives (10). Finally,

Cov (ZtZt—uth - 4) = Cov | kiks—; + kywi—; + weki—; + wpwy_s,

iy 1 _
exp —5,51:.“32—&—52 ihe, o | T v
=T+ 15+ T3 + 1y,

say, with, using Lemma 2 and Lemma 3,

o2 & o2 &

Tl — i ¢‘t*tj+l| - i,¢‘t717tj+l‘
23 23
o2 P

_ t—t;+1

Iy = 77 ‘ ! E Itztrl’%],
2
g t—i—t;+1

T3 = o ¢‘ =t Hl E Lit=t;—1)Kiy s

Jj=1

.
- |\M~a

p
Ty = Ii—o) Zf(t:tj—l)&j + Iiiz0) Z Tamt;—yL(t—i=t, —1)Ki; K, -
i=1 Jgr=1

Summing over [ gives (11), which concludes the proof.

21



Proof of Lemma 1. Since |¢|/t ~tH < |p| =1t =t 1+

2 P ptgq

o . 4,
Bi<ep (T3 3 djiglels | —1 < explalgl") 1.
j=1j'=p+1

By an argument of symmetry,

exp(—a|¢||”) —1< B < exp(a|¢‘|”) -1

and so, because exp(z) — 1 > 1 — exp(—z) for any z,

1By| < exp(alo|'l) — 1.

Therefore,
B=B(D| < Y (Bul+[Bil) <2>  (exp(ale]') —1)
I=I+1 I=I
x© x> ak‘¢|kl e ak |¢|k1
2 () ()
1=I k=1 k=1
00 k
o2 3 (alol")” _ QGXP(GWV) -1
ol & M -9
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