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Sulflqj d vwrfn0frqvwudlqhg frqjhvwleoh idflolw|�

Hgzdug Fdowkurs

Fdwkrolf Xqlyhuvlw| Ohxyhq

Vhswhpehu 5334

Devwudfw

Wklv sdshu ghyhorsv sulflqj uxohv iru vwrfn0frqvwudlqhg

frqjhvwleoh idflolwlhv/ vxfk dv dq xuedq sdunlqj orw/ vzlp0

plqj srro ru pxvhxp1 Sulflqj vfkhgxohv rswlpdoo| frp0

sulvh ri wzr frpsrqhqwv1 Iluvwo|/ d shu0wlph xqlw ihh lq0

gxfhv frqvxphuv wr vshqg dq h!flhqw ohqjwk ri wlph zlwklq

d idflolw|1 Vhfrqgo|/ dq duulydo wlph ihh lqgxfhv frqvxphuv

wr vsuhdg duulydov h!flhqwo| dfurvv wkh shdn0shulrg1 Wkh

sulflqj uxohv duh looxvwudwhg zlwk d vpdoo qxphulfdo h{dp0

soh1 MHO K75>U7;1

WWklv sdshu lv edvhg rq fkdswhu 8 ri p| grfwrudo wkhvlv +Fdowkurs/ ^6`,1 Lw kdv ehhq juhdwo|

lpsuryhg e| wkh frpphqwv ri wkh frpplwwhh lqfoxglqj/ lq sduwlfxodu/ Vwhi Surrvw/ Slhw Ulhwyhog

dqg Huln Vfkrnndhuw1 Xvxdo glvfodlphuv dsso|1 Dxwkru*v pdlolqj dgguhvv = FHV/ N1X1Ohxyhq/

Qddpvhvwuddw 9</ E6333 Ohxyhq/ Ehojlxp1 Who=33065049065099086> Id{= 3306504906509:0<9>

h0pdlo= Hgzdug1FdowkursChfrq1nxohxyhq1df1eh
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4 Lqwurgxfwlrq

Hfrqrplvwv riwhq prgho frqjhvwlrq lq d *uhgxfhg0irup* pdqqhu1 Iru

lqvwdqfh/ lq foxe wkhru|/ lw lv riwhq dvvxphg wkdw wkh dyhudjh xvhu

ehqh�w iurp mrlqlqj d frqjhvwlrq0surqh foxe ghfolqhv dv wkh qxpehu

ri rwkhu xvhuv lqfuhdvhv1 Ru/ lq wudqvsruw hfrqrplfv/ wkh dyhudjh

gulylqj vshhg lv dvvxphg wr idoo dv pruh shrsoh xvh wkh urdg1

Lq uhfhqw wlphv/ krzhyhu/ dxwkruv kdyh prghoohg wkh frqjhvwlrq

whfkqrorj| lq dq h{solflw pdqqhu1 Rqh zhoo nqrzq prgho lv wkh

erwwohqhfn prgho ri urdg frqjhvwlrq/ zklfk h{solflwo| prghov wkh

 rz frqvwudlqw rq wkh urdg1 Wkh zlgwk ri wkh urdg lv vxfk wkdw rqo|

v fduv shu krxu fdq sdvv wkurxjk wkh erwwohqhfn1

Wklv sdshu frqfhqwudwhv rq d wklug irupxodwlrq= d frqjhvwleoh

idflolw| zklfk lv vxemhfw wr d vwrfn frqvwudlqw1 Iru h{dpsoh/ wkhuh

duh rqo| V sdunlqj vsrwv dydlodeoh lq wkh fhqwudo duhd ri d flw|1 Vlp0

loduo|/ �uh uhjxodwlrqv pd| shuplw d pd{lpxp ri V shrsoh lqvlgh d

pxvhxp dw dq| rqh wlph/ ru d vzlpplqj srro1 H{shfwhg zdlw wlph

wr xvh wkh idflolw| dw wlph w ghshqgv rq wkh wlph sdwk ri erwk wkh

duulydov xs xqwlo w dqg wkh ohqjwk ri wlph hdfk ri wkhvh xvhuv uhpdlqv

lqvlgh wkh idflolw|1 Lq ixoo jhqhudolw| wklv d frpsoh{ sureohp1 Iruwx0

qdwho|/ d vxevhw ri wkh wkhru| rq txhxhlqj surylghv wkh phfkdqlfv

wr vlpsoli| wkh dqdo|vlv1 Wklv sdshu ghulyhv dq rswlpdo sulflqj ixqf0

wlrq iru d frqjhvwleoh idflolw|1 Wkh sulflqj vfkhgxoh frpsulvhv ri wzr

frpsrqhqwv= d shu0wlph0xqlw ri vwd| ihh lqgxfhv xvhuv wr uhpdlq lq

wkh idflolw| iru wkh rswlpdo ohqjwk ri wlph> zkloh d wlph0ydu|lqj du0

ulydo ihh lqgxfhv gulyhuv wr vfkhgxoh duulydov rswlpdoo| ryhu wkh shdn

shulrg1

Vhfwlrq 6 xvhv d vlqjoh0wlph shulrg prgho wr ghulyh wkh rswlpdo

shu xqlw wlph ihh1 Vhfwlrq 7 h{sdqgv wklv prgho wr d pxowl0shulrg

sureohp/ lq zklfk xvhuv fkrrvh erwk wkh ohqjwk ri wlph wr uhpdlq

zlwklq wkh idflolw|/ dqg vfkhgxoh d wlph wr duulyh dw wkh idflolw|1
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Xqiruwxqdwho|/ forvhg0irup vroxwlrqv iru wkh rswlpdo shu wlph xqlw

ihh dqg duulydo ihh fdqqrw eh ghulyhg1 Vhfwlrq 8 suhvhqwv d qxphulfdo

prgho wkdw looxvwudwhv wkh wkhru|1 Vhfwlrq 9 frqfoxghv1

5 Olwhudwxuh uhylhz

Wdeoh 4 glvwlqjxlvkhv ydulrxv fkdudfwhulvwlfv zklfk gh�qh wkh jhqhu0

dolvhg irup ri wkh vwdqgdug erwwohqhfn prgho +W|sh 4,41 D yduldeoh

qxpehu ri khwhurjhqrxv frqvxphuv ghflgh zkhwkhu wr xvh d idflolw|

ru qrw dqg dw zkdw wlph wr mrlq wkh txhxh1 Wkh frqjhvwlrq wdnhv wkh

irup ri ghod|v udwkhu wkdq vhuylfh ghqldo1 Wkh prgho lv wkhuhiruh

qrw vxlwdeoh wr d frqfhuw lq zklfk wlfnhwv pd| vhoo rxw dqg ixuwkhu

dssolfdwlrqv iru vhuylfh duh ghqlhg1 Dffhvv wr wkh idflolw| lv rq d

Iluvw0Lq/ Iluvw0Rxw edvlv +ILIR,1 Wkhuh lv qr srvvlelolw| iru mxps0

lqj dkhdg lq wkh txhxh1 Dv vwuhvvhg e| Duqrww dqg Nudxv/ ^5`/ wkh

vwdwh yduldeoh ghwhuplqlqj wkh hyroxwlrq ri wkh txhxh wr wlph wlv

edvhg rqo| rq duulydov dw wlph wsoxv wkh wlph sdwk ri duulydov gxulqj

doo suhylrxv wlph shulrgv1 Wklv pdnhv wkh prgho xqvxlwdeoh wr d

qhwzrun wud!f prgho/ zkhuh hduolhu ghsduwlqj frppxwhuv pd| eh

khog xs e| odwh ghsduwlqj orfdo uhvlghqwv1 Ilqdoo|/ wkh frqjhvwlrq

lv fdxvhg e| d  rz frqvwudlqw ri wkh idflolw|= rqo| vxvhuv fdq sdvv

wkurxjk shu xqlw wlph/ dqg li duulydov duh juhdwhu wkdq v/ ghwhuplq0

lvwlf txhxhv ghyhors1 Rswlpdo sulflqj lv dfklhyhg yld d frqwlqxrxvo|

wlph0ghshqghqw ihh/ I +w,1 H{dpsohv ri idflolwlhv wr zklfk wklv prgho

pd| eh zhoo vxlwhg lqfoxgh d vlqjoh0olqn urdg +zlwk qr ryhuwdnlqj,/

ru d jroi frxuvh zlwkrxw d uhvhuydwlrq vfkhph/ ru d odujh fdsdflw| qr

uhvhuydwlrq frqfhuw1
4D ghwdlohg glvfxvvlrq ri wkh jhqhudolvdwlrq ri wkh erwwohqhfn prgho +W|sh 4, lv irxqg lq

Duqrww dqg Nudxv ^5`1
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W|sh 4 W|sh 5 W|sh 6

dxwkruv ^<`> ^4`> ^5`> ^9` ^;`> ^8`> ^9` wklv sdshu

xvhuv khwhurjhqrxv lghqwlfdo lghqwlfdo

ghflvlrqv wr ylvlw ru qrw wr ylvlw ru qrw

zkhq wr xvh wr vfkhgxoh xvh wr vfkhgxoh xvh

krz orqj wr vwd|

frqjhvwlrq ghwhuplqlvwlf ghod| vwrfkdvwlf ghod| vwrfkdvwlf ghod|

txhxh ILIR ILIR ILIR

frqvwudlqw  rz vwrfn vwrfn

ihh 8 E|�
S

|
R
r�

|
8|

S
|
Rr�
|
8|n6, E6�

h1j1 vlqjoh0olqn urdg kxe dlusruwv sdunlqj

qr uhv jroi vzlpplqj srrov

qr uhv frqfhuw duw jdoohulhv

Wdeoh 4= Fkdudfwhulvwlfv ri erwwohqhfn prghov

Gdqlho ^8` dssolhv wkh erwwohqhfn htxloleulxp frqfhsw wr d vwrfkdv0

wlf txhxhlqj prgho ri d kxe dlusruw1 Vghsduwxuh dqg odqglqj odqhv 0

l1h1 d vwrfn frqvwudlqw 0 ghwhuplqhv h{shfwhg txhxhv dw glvfuhwh wlph

lqwhuydov yld d qrq0vwdwlrqdu| vwrfkdvwlf txhxhlqj prgho +P+w,@G@V@N5,/

ghyhorshg e| Nrrspdqv ^;`1 Wklv lv vkrzq lq wkh froxpq pdunhg

*W|sh 5* lq Wdeoh 41 D �{hg qxpehu ri xvhuv +zkr pd| dfw froox0

vlyho|, ghflgh zkhq wr vfkhgxoh duulydov1 Hdfk xvhu lv vxemhfw wr d

5
Lq vwdqgdug Nhqgdoo0Ohh Qrwdwlrq iru txhxhlqj v|vwhpv/ � ghqrwhv wkdw lqwhuduulydo wlphv

duh lqghshqghqw/ lghqwlfdoo| glvwulexwhg udqgrp yduldeohv kdylqj dq h{srqhqwldo glvwulexwlrq

0 wkh ghshqghqfh rq | uhihuv wr wkh wlph ghshqghqw hyroxwlrq ri wkh txhxh> ( ghqrwhv wkdw

vhuylfh wlphv +wkh ohqjwk ri vwd|, duh llg dqg ghwhuplqlvwlf> 7 ghqrwhv wkh qxpehu ri sdudooho

vhuyhuv zkloh g ghqrwhv wkh pd{lpxp qxpehu ri fxvwrphuv lq wkh v|vwhp1 Ixuwkhu ghvfulswlrq

lv jlyhq lq vhfwlrq 7 ehorz1
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vkrfn vxfk wkdw dfwxdo duulydo wlph lv jlyhq e| d nqrzq glvwulexwlrq

durxqg vfkhgxohg duulydo wlph1 Wkh prgho lv vroyhg iru dq htxl0

oleulxp yhfwru ri vfkhgxohg duulydo wlphv vxfk wkdw qr xvhu kdv dq

lqfhqwlyh wr vkliw vfkhgxohg duulydo wlph1 D frpsdulvrq ri hpslulfdo

uhvxowv iru dq dlusruw xvlqj d vwdqgdug shdn0ordg sulflqj prgho/ d

ghwhuplqlvwlf erwwohqhfn prgho dqg d vwrfkdvwlf erwwohqhfn prgho lv

suhvhqwhg lq Gdqlho dqg Sdkzd ^9`1

Wklv sdshu jhqhudolvhv Gdqlho*v prgho dqg lv vkrzq dv froxpq

*W|sh 6* lq Wdeoh 41 Iluvwo|/ hdfk xvhu pxvw ghflgh krz orqj wr

uhpdlq zlwklq wkh idflolw|1 Vhfrqgo|/ yduldeoh ghpdqg lv lqwurgxfhg

vxfk wkdw dq lq�qlwh qxpehu ri srwhqwldo xvhuv ghflgh zkhwkhu ru

qrw wr xvh wkh idflolw|1 Lq htxloleulxp/ wkh qxpehu ri xvhuv lv vxfk

wkdw wkh frqvxphu vxusoxv iurp xvlqj wkh idflolw| htxdov wkh vxp ri

h{shfwhg vfkhgxoh ghod| dqg txhxhlqj frvwv1 Li wkh frqvxphu vxusoxv

lv juhdwhu wkdq wkh h{shfwhg frvw ri xvlqj wkh idflolw|/ dgglwlrqdo xvhuv

jdlq e| xvlqj wkh idflolw|1 Olnhzlvh/ li wkh frvw ri xvlqj wkh idflolw|

lv juhdwhu wkdq wkh frqvxphu vxusoxv/ vrph xvhuv ghflgh qrw wr xvh

wkh idflolw|1

Wkh zhoiduh pd{lplvlqj ihh lqfoxghv d frpsrqhqw uhodwhg wr df0

wxdo duulydo wlph dqg d frpsrqhqw uhodwhg wr ohqjwk ri vwd| zlwklq

wkh idflolw|1 Wkh vhsdudelolw| ri wkhvh ghflvlrqv lpsolhv wkdw d wzr0

sduw wdul� sulflqj vfkhph lv rswlpdo1 Ehiruh wxuqlqj wr wkh ixoo

prgho/ krzhyhu/ lw lv xvhixo wr vhh wkh phfkdqlfv ri d vlpsohu txhxh0

lqj prgho lq d vlqjoh wlph shulrg yhuvlrq ri wkh prgho1

6 D vlqjoh0shulrg yhuvlrq= d P2G24 prgho

L frqvlghu dq hfrqrp| zlwk dq lq�qlwh qxpehu ri lghqwlfdo ulvn0

qhxwudo frqvxphuv1 Lq d vlqjoh wlph0shulrg ri wlph ri ohqjwk w/

frqvxphuv ghflgh zkhwkhu ru qrw wr xvh d frqjhvwleoh idflolw|1 D

frqvxphu ghflghv wr xvh wkh idflolw| dv orqj dv wkh qhw ehqh�w iurp
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pdnlqj wkh wuls lv qrq0qhjdwlyh1 Hdfk shuvrq*v ehqh�w iurp wkh wuls

ydulhv lq ixqfwlrq ri wkh wlph vshqw zlwklq wkh idflolw|1 Wkh idflolw|

kdv d �{hg fdsdflw| +vhw iru frqyhqlhqfh htxdo wr 4vsrw, 0 dqg wkh

ylvlwru pd| kdyh wr zdlw wr jdlq hqwudqfh lqwr wkh idflolw|1

Lq rughu wr xvh wkh vlpsoli|lqj pdwkhpdwlfv ri txhxhlqj wkhru|/ L

dvvxph wkdw wkh dfwxdo duulydo wlph ri dq| xvhu gl�huv iurp sodqqhg

duulydo wlph= hdfk frqvxphu lv vxemhfw wr d vkrfn jlyhq e| dq lqgh0

shqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp yduldeoh vxfk wkdw wkh

qxpehu ri dfwxdo duulydov wr rffxu lq d wlph lqwhuydo ri wiroorzv d

Srlvvrq0glvwulexwlrq zlwk sdudphwhu qw/ zkhuh qghqrwhv wkh qxpehu

ri idflolw| xvhuv zlwklq wkh vlqjoh wlph shulrg1 Hdfk srwhqwldo xvhu

lv wkhuhiruh xqvxuh ri klv ru khu dfwxdo duulydo srvlwlrq uhodwlyh wr

rwkhu xvhuv zlwklq wkh wlph shulrg1 Zlwkrxw orvv ri jhqhudolw|/ L vhw

w @ 41

Wkh ohqjwk ri wlph d xvhu vshqgv zlwklq wkh idflolw| lv d ghwhuplq0

lvwlf yduldeoh jlyhq e| c1 Wkh pdujlqdo ehqh�w ri d xqlw ri wlph lq

wkh frqjhvwleoh idflolw| lv jlyhq e| 4� t/ zkhuh tjlyhv wkh wlph vshqw

zlwklq wkh idflolw|1 Khqfh wkh frqvxphu vxusoxv/ FV/ frqglwlrqdo rq

jdlqlqj dffhvv wr wkh idflolw|/ iurp d vwd| ri cxqlwv ri wlph/ dw sulfh

pshu xqlw wlph +3 �p ? 4,/ lv jlyhq e|=

FV ^c` @

] c

3

+4� t �p,gt +4,

Lw lv fohdu wkdw dq lqglylgxdo pd{lplvhv frqvxphu vxusoxv e| vwd|0

lqj lq wkh idflolw| iru c+p, @ 4�pxqlwv ri wlph1

Jlyhq wkh deryh dvvxpswlrqv/ dqg dsso|lqj wkh vwdqgdug Sroodf}hn0

Nklqwfklqh irupxodv6 +Zlqvwrq/ ^43` ss1447: htxdwlrq 7;, h{shfwhg

6
Zlwk d ghwhuplqlvwlf vhuylfh udwh/ h{shfwhg zdlwlqj wlph .` lv jlyhq dv=

.` dbc >o '
b

2E�3 4�>2

zkhuh b lv wkh duulydo udwh/ > lv wkh vhuylfh udwh +htxdo wr rqh ryhu wkh ohqjwk ri vwd|, dqg

4 ' b
>

1

9



zdlwlqj wlph HZwr xvh d vlqjoh0vhuyhu idflolw| lv jlyhq e|7=

HZ ^q>p` @
c ^p`5 q

5 +4� qc ^p`,
+5,

Wklv zdlwlqj wlph ixqfwlrq lv vwulfwo| frqyh{ lq duulydo udwh dqg

lq xvhu wlph/ dv orqj dv wkh ihh lv vxfk wkdw xvhuv zlvk wr sdun iru

d vwulfwo| srvlwlyh ohqjwk ri wlph1 Wklv lpsolhv wkdw wkh idflolw| lv

vxemhfw wr frqjhvwlrq= dyhudjh zdlw wlph iru h{lvwlqj xvhuv ulvhv li rqh

pruh frqvxphu ghflghv wr xvh wkh idflolw|1 Wkh h{shfwhg txhxhlqj

frvw shu shuvrq ri xvlqj wkh idflolw| lv jlyhq e|=

� ^q>p`@ �HZ ^q>p` +6,

zkhuh �lv wkh ydoxh ri wlph vshqw lq wkh txhxh +khqfhiruwk vhw

htxdo wr 4iru hdvh ri qrwdwlrq,1 Wkh h{shfwhg qhw ehqh�w ri ylvlwlqj

wkh idflolw|/ QE/ fdq eh zulwwhq dv d ixqfwlrq ri wkh qxpehu ri xvhuv

dqg wkh shu wlph xqlw ihh=

QE ^q>p`@ FV ^p`�� ^q>p` +7,

Hdfk frqvxphu ghflghv zkhwkhu wr xvh wkh idflolw| ru qrw1 Wkh

htxloleulxp qxpehu ri frqvxphuv/ q�/ lv jlyhq e| wkh vroxwlrq wr wkh

iroorzlqj htxdwlrq=

FV ^p`�� ^p>q�`@ 3 +8,

Frqvxphuv ghflgh wr xvh wkh idflolw| dv orqj dv wkh h{shfwhg ehq0

h�wv iurp grlqj vr rxwzhljk wkh h{shfwhg frvwv1 Lq htxloleulxp/ wkh

7Vwulfwo| vshdnlqj/ wklv h{suhvvlrq rqo| krogv li b� $ � 0 rwkhuzlvh wkh txhxhlqj v|vwhp

*h{sorghv*1 Wkh frqglwlrq krogv lq htxloleulxp dv fdq eh vhhq iurp h{sdqglqj ?
W d6o �W d6o

yld htxdwlrqv 9 dqg BB/ zklfk lv ohvv wkdq rqh1

:



h{shfwhg txhxhlqj frvwv h{dfwo| pdwfk wkh frqvxphu vxusoxv jdlqhg

iurp xvlqj wkh idflolw|= qr0rqh lqglylgxdo kdv wkh lqfhqwlyh wr vzlwfk

iurp xvlqj wr qrw xvlqj wkh idflolw| dqg ylfh0yhuvd81

Htxdwlrqv 8/ 6/ 4 dqg 5 fdq eh xvhg wr vroyh iru dq htxloleulxp

phdq qxpehu ri idflolw| xvhuv/ q�/ dv d ixqfwlrq ri p1 Wklv lv jlyhq

dv=

q
� ^p`@

4

5�p
+9,

Wkh lpsdfw ri lqfuhdvlqj prq wkh htxloleulxp duulydo udwh gh0

shqgv rq wzr rssrvlqj h�hfwv1 Lqfuhdvlqj puhgxfhv wkh dprxqw

ri wlph vshqw lq wkh idflolw|/ c ^p`1 Frqvxphu vxusoxv idoov1 Iru d

�{hg txhxhlqj frvw ixqfwlrq/ wkhuhiruh/ wkh htxloleulxp qxpehu ri

duulydov idoov1 Exw dv hdfk xvhu vshqgv ohvv wlph lq wkh idflolw|/ h{0

shfwhg zdlwlqj frvwv ghfolqh/ wkxv ghfuhdvlqj wkh frvw ri pdnlqj d

wuls1 E| wdnlqj wkh �uvw ghulydwlyh ri wkh htxloleulxp duulydo udwh/ lw

fdq eh vkrzq wkdw wkh qhw h�hfw ri udlvlqj wkh shu wlph xqlw ihh lv

wr lqfuhdvh wkh duulydo udwh= q�
3

^p` A 391

Iljxuh 4 vkrzv h{shfwhg frvwv dqg ehqh�wv iurp d wuls dv d ixqf0

wlrq ri wkh qxpehu ri idflolw| xvhuv1 Wkh vxevfulsw O ghqrwhv d uho0

dwlyho| orz shu wlph xqlw ihh ri 3158/ zkloh wkh vxevfulsw K ghqrwhv

d kljkhu ihh ri 318 shu wlph shulrg1

H{shfwhg txhxhxlqj frvw shu xvhu/ �/ ulvhv dv d ixqfwlrq ri wkh

qxpehu ri xvhuv/ zkloh wkh frqvxphu vxusoxv iurp ylvlwlqj wkh id0

flolw| lv lqghshqghqw ri wkh qxpehu ri rwkhu xvhuv1 Iru d uhodwlyho|

8Rqh lv uhplqghg ri wkh vwru| ri wzr shrsoh glvfxvvlqj d qhz uhvwdxudqw1 Rqh vd|v wr wkh

rwkhu= *qr rqh jrhv wkhuh dq|pruh 0 lw lv wrr furzghg*1
9Wklv srlqw lv dovr pdgh e| Jod}hu dqg Qlvndqhq ^:` lq wkh odvw vhfwlrq ri wkhlu sdshu1 Wkh|

xvh wklv uhvxow wr dujxh wkdw udlvlqj shu wlph xqlw phwhu ihhv pd| uhvxow lq lqfuhdvhg duulydov

dqg khqfh lqfuhdvh frqjhvwlrq ohyhov1 Krzhyhu/ wkh| gr qrw frqvlghu wkh ihhgedfn ri kljkhu

frqjhvwlrq ohyhov rq wkh htxloleulxp qxpehu ri duulydov1 Qru gr wkh| glvfxvv wkh rswlpdo phwhu

ihh1

;
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Iljxuh 4= Wkh htxloleulxp qxpehu ri idflolw| xvhuv

orz shu wlph xqlw ihh/ h{shfwhg txhxhlqj frvwv hqwluho| r�vhw frq0

vxphu vxusoxv rqfh q�
O
xvhuv pdnh wkh wuls1 Lqfuhdvlqj wkh ihh uhgxfhv

frqvxphu vxusoxv1 Iru d jlyhq frvw ixqfwlrq/ wklv zrxog uhgxfh wkh

htxloleulxp qxpehu ri idflolw| xvhuv1 Exw/ e| lqgxflqj shrsoh wr xvh

wkh idflolw| iru d vkruwhu shulrg ri wlph/ wkh frvw ixqfwlrq idoov wr

�K 1 Wkh uhgxfwlrq lq h{shfwhg txhxhlqj frvw lv vx!flhqwo| odujh wr

rxwzhljk wkh idoo lq frqvxphu vxusoxv= wkh htxloleulxp qxpehu ri

xvhuv lqfuhdvhv wr q
�

K
1

Dv d uhvxow ri wkh hqgrjhqrxv duulydo udwh jlyhq lq htxdwlrq 8/

vrfldo zhoiduh/ VZ / lv jlyhq e|=

VZ ^p` @ q� ^p`pc ^p`@
p+4�p,

5�p
+:,

Vrfldo zhoiduh lv htxlydohqw wr wrwdo uhyhqxh= lw iroorzv wkdw d sul0

ydwh rshudwru wkdw pd{lplvhv sur�w vhwv d phwhu ihh dw wkh vrfldoo|0

rswlpdo ohyho1 Wklv lv d vwulnlqj uhvxow1 Lw iroorzv gluhfwo| iurp wkh

hqgrjhqrxv duulydo udwh1 Li qr ihh lv fkdujhg/ vrfldo zhoiduh lv }hur1

<



Hlwkhu lqglylgxdov xvh wkh idflolw| 0 lq zklfk fdvh/ lq htxloleulxp/

wkh h{shfwhg txhxhlqj frvw h{dfwo| rxwzhljkv wkh frqvxphu vxusoxv

0 ru wkh| gr qrw1 Hlwkhu zd|/ vrfldo zhoiduh shu shuvrq lv }hur1 Dw

dq| srvlwlyh phwhu ihh ohyho/ wkhuh lv d zhgjh ehwzhhq wkh frqvxphu

vxusoxv dqg wkh vrfldo vxusoxv iurp xvlqj wkh idflolw|1 H{shfwhg

txhxhlqj frvwv h{dfwo| r�vhw wkh frqvxphu vxusoxv/ ohdylqj wkh gli0

ihuhqfh ehwzhhq vrfldo dqg frqvxphu vxusoxv +l1h1 wkh wd{ uhyhqxh,

dv d phdvxuh ri zhoiduh1

Pd{lplvlqj htxdwlrq : zlwk uhvshfw wr wkh phwhu ihh/ jlyhv wkh

rswlpdo shu wlph xqlw ihh dv=

p
�

@ 5�

s
5@ 3=8< +;,

D vhfrqg srlqw iroorzv iurp wkh irupxodwlrq ri wkh vrfldo zhoiduh

ixqfwlrq lq h{suhvvlrq :1 Dq| ohyho ri wlph uhvwulfwlrq 0 d frpprq

dowhuqdwlyh wr d phwhu ihh 0 uhvxowv lq }hur vrfldo zhoiduh:1 Iru hdfk

vxffhvvlyh wljkwhqlqj ri wkh uhvwulfwlrq/ pruh qhz xvhuv zloo duulyh dw

wkh idflolw| vxfk wkdw vrfldo vxusoxv lv }hur1 Wklv fdq eh vhhq gluhfwo|

e| vhwwlqj p @ 3lq htxdwlrq : deryh1

7 D pxowl0shulrg yhuvlrq= d � d|o *(*7*gprgho

Wkh suhylrxv prgho lv olplwhg1 Lw dvvxphv d vlqjoh wlph shulrg/

zkloh lq uhdolw| fxvwrphuv fdq dovr ghflgh zkhwkhu wr xvh wkh idflolw|

gxulqj exvlhu shulrgv ru qrw1 Wklv vhfwlrq dssolhv qrq0vwdwlrqdu|

txhxhlqj wkhru| wr ghulyh d erwwohqhfn htxloleulxp= hdfk frqvxphu

wudghv r� h{shfwhg txhxhlqj frvwv dqg vfkhgxoh ghod| frvwv vxfk wkdw

:Wkh uhodwlyh lqh!flhqf| ri qrq0ghfuhdvlqj qrq0olqhdu sulflqj phfkdqlvpv dv d phdqv ri

udwlrqlqj wkh xuedq rq0vwuhhw sdunlqj pdunhw lv glvfxvvhg lq Fdowkurs dqg Surrvw ^7`1 Lq wkdw

sdshu/ wkh dgglwlrqdo frqvxphu vxusoxv uhvxowlqj iurp d wlph uhvwulfwlrq/ lq frpsdulvrq zlwk

d phwhu ihh/ lqgxfhv h{fhvvlyh vhdufk ehkdylrxu1
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lq wkh htxloleulxp/ qr lqglylgxdo kdv dq lqfhqwlyh wr dowhu vfkhgxohg

duulydo wlph1 Dv lq wkh suhylrxv vhfwlrq/ rqfh d frqvxphu jdlqv

dffhvv wr wkh idflolw|/ vkh ghflghv krz orqj wr vwd| dv d ixqfwlrq ri

wkh shu wlph xqlw ihh1 D qrwlrqdo sodqqhu lv dvvxphg wr pd{lplvh

vrfldo zhoiduh zlwk uhvshfw wr wzr lqvwuxphqwv= d ihh ghshqghqw rq

wlph ri duulydo lqwr wkh txhxh/ soxv d olqhdu ihh shu wlph xqlw vshqw

zlwklq wkh idflolw|1 Jlyhq wklv uhvwulfwlrq rq lqvwuxphqwv/ zhoiduh

lv rswlplvhg zlwk d wlph ghshqghqw ihh vsuhdglqj duulydov h!flhqwo|

dfurvv wkh shdn shulrg/ dqg d shu0wlph xqlw olqhdu ihh lqgxflqj xvhuv

wr vwd| zlwklq wkh idflolw| iru dq rswlpdo shulrg ri wlph1

L dvvxph wkdw wkh hyroxwlrq ri wkh txhxh ryhu wlph lv jlyhq e|

dqP ^w`@G@V@N txhxhlqj v|vwhp1 Lq vwdqgdug Nhqgdoo0Ohh Qrwdwlrq

iru txhxhlqj v|vwhpv/ Pghqrwhv wkdw lqwhuduulydo wlphv duh lqghshq0

ghqw/ lghqwlfdoo| glvwulexwhg udqgrp yduldeohv kdylqj dq h{srqhqwldo

glvwulexwlrq 0 wkh ghshqghqfh rq wuhihuv wr wkh wlph ghshqghqw hyr0

oxwlrq ri wkh txhxh> Gghqrwhv wkdw vhuylfh wlphv +wkh ohqjwk ri vwd|,

duh llg dqg ghwhuplqlvwlf> Vghqrwhv wkh qxpehu ri sdudooho vhuyhuv

zkloh Nghqrwhv wkh pd{lpxp qxpehu ri fxvwrphuv lq wkh v|vwhp1

L dvvxph wkdw diwhu d shuvrq h{lwv iurp wkh idflolw| dqrwkhu xvhu

fdq hqwhu zkrp lq wxuq h{lwv diwhu cxqlwv ri wlph1 D vhtxhqfh ri

srlqwv w4> w5> ==== pdunhg rq wkh wlph d{lv fdq eh lpdjlqhg/ doo vsdfhg

dw glvwdqfhv c dsduw uhsuhvhqwlqj wkh ghwhuplqlvwlf hsrfkv ri vhuylfh

frpsohwlrq1 Iroorzlqj wkh glvfxvvlrq lq Nrrspdqv ^;`/ L frq�qh dw0

whqwlrq wr wkh txhxh dw wkhvh srlqwv= dw hdfk rqh/ li wkh qxpehu lq

wkh txhxh kdg suhylrxvo| ehhq srvlwlyh/ mxvw Vzloo eh uhpryhg1 Wkh

qxpehu ri duulydov lq hdfk vhuylfh shulrg lv dssur{lpdwho| Srlvvrq

glvwulexwhg zlwk wlph ydu|lqj sdudphwhu/ �w1 D vwdwh yhfwru/ tw/ uhs0

uhvhqwv wkh vwdwh ri wkh txhxhlqj v|vwhp dw hdfk shulrg w1 Lw frqvlvwv

ri d froxpq ri hohphqwv/ tw3> tw4> ====> twNzklfk jlyh wkh suredelolw| wkh

txhxh lv ri ohqjwk ndw wkh ehjlqqlqj ri wkh shulrg w1 Wkh vwdwh

yhfwru hyroyhv dffruglqj wr wkh wudqvlwlrq uxoh=
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tw.4@ T
w
tw +<,

zkhuh Twlv wkh vwdwh0wudqvlwlrq pdwul{ ghwhuplqhg e| wkhP ^w`@G@V@N

txhxhlqj prgho dqg wkh duulydo udwhv �w1 Ohw qghqrwh wkh qxpehu ri

gulyhuv wkdw fkrrvh wr xvh wkh idflolw|1 L ghqrwh wkh froxpq yhfwru

ri vfkhgxohg duulydo wlphv e| v+ri glphqvlrq q,1 Wkh suredelolw| ri

d fxvwrphu l/ vfkhgxohg wr duulyh dw wlph vl>dfwxdoo| duulylqj dw wlph

wlv jlyhq e| sv
l

w
1 Wkh dyhudjh duulydo udwh lv jlyhq e| vxppdwlrq ri

h{shfwhg duulydov dw dq| wlph w =

�w@

q[

l@4

s
vl

w
+43,

Dsshqgl{ D jlyhv pruh ghwdlov rq wkh vwdwh0wudqvlwlrq pdwul{

Tw ^c> v> q`1 Wr dlg frpsdudelolw|/ wkh qrwdwlrq lv fkrvhq wr iroorz dv

forvho| dv srvvleoh wkh prgho lq Gdqlho ^8`1

714 Wkh h{shfwhg frvw ri dffhvvlqj wkh idflolw|

Wkh h{shfwhg frvw iru frqvxphu l+l @ 4> =====> q,ri jdlqlqj dffhvv wr wkh

idflolw| lv djdlq jlyhq e| �l ^�`zklfk lv wkh vxp ri h{shfwhg txhxhlqj

frvwv/ vfkhgxoh ghod| frvwv dqg dq duulydo ihh/ dqg lv gh�qhg ehorz

lq htxdwlrq 451

Gh�qh wkh h{shfwhg zdlwlqj wlph iru d xvhu zkr duulyhv dw wlph

wzlwk nrwkhu shrsoh lq wkh txhxh dv z ^n`1 Doo frqvxphuv zlvk wr xvh

wkh idflolw| dw wkh vdph wlph/ w�1 Vfkhgxoh ghod| frvwv duh jlyhq e|=

VGF @

;
?
=

�+w� � w �z ^n`, li w
�

� w� z ^n` � 3

�+w.z ^n`� w�, rwkhuzlvh

zkhuh �lv wkh ydoxh ri wlph zkhq duulylqj hduolhu wkdq ghvluhg dw

wkh idflolw| dqg �lv wkh fruuhvsrqglqj phdvxuh zkhq duulylqj odwhu
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wkdq ghvluhg;1 Wr hdvh qrwdwlrq/ L lqwurgxfh d gxpp| yduldeoh=

g @

;?
=

4 li w
�

� w� z ^n` � 3

3 rwkhuzlvh

Wkh h{shfwhg txhxhlqj dqg vfkhgxoh ghod| frvwv ri duulylqj dw

wlph wzlwk txhxh nlv jlyhq e|=

fwn@ �z ^n` .g�+w��w� z ^n` , . +4� g,�+w .z ^n`�w�,

zkhuh/ dv lq wkh suhylrxv vhfwlrq/ �ghqrwhv wkh ydoxh ri wlph vshqw

txhxhlqj1 Wkh yhfwru ri frvwv iru gl�huhqw txhxh ohqjwkv n @ 3> ==>Nlv

jlyhq e| fw1 Iru dq| jlyhq qxpehu ri fxvwrphuv/ q/ wkh h{shfwhg

frvw ri duulylqj dw w/ Fw ^�`lv jlyhq e|=

Fw ^p> v>q` @ fwtw ^p> v>q` +44,

Wkh h{shfwhg frqvxphu frvw ri vfkhgxolqj wr duulyh dw v
l/ �l/ lv

jlyhq e|=

�l ^p> v> q>I` @
[

w

s
vl

w
iFw ^p> v>q` .Iwj +45,

zkhuh s
vl

w
/ dv gh�qhg hduolhu/ jlyhv wkh suredelolw| ri d xvhu vfkhg0

xohg wr duulyh dw wlph v
lduulylqj dw wlph w1 Wkh yhfwru Ijlyhv wkh

duulydo ihh/ Iw/ iru doo srvvleoh duulydo wlphv1

�ljlyhv wkh frvw ri jdlqlqj dffhvv wr wkh idflolw| iru dq| lqglylgxdo

l/ iru dq| qxpehu ri xvhuv/ q> iru dq| yhfwru ri vfkhgxohg duulydo

wlphv/ v/ dqg dq| yhfwru ri duulydo ihhv/ Idqg shu wlph xqlw ihh p1

; Lw lv dvvxphg wkdw vfkhgxoh ghod| frvwv wdnh d olqhdu irup= wklv nhhsv wkh dqdo|vlv vljql�0

fdqwo| vlpsohu1
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715 Frqvxphuv* sureohp

Hdfk frqvxphu pd{lplvhv wkh h{shfwhg qhw ehqh�w ri d wuls zlwk

uhvshfw wr wkh vfkhgxohg wlph ri duulydo dqg ohqjwk ri vwd|1 Wkh

frqvxphu vxusoxv iurp wlph vshqw zlwklq wkh idflolw| lv jlyhq dv lq

wkh vhfwlrq deryh/ dqg wkxv zh fdq zulwh c^p`1 Wkh qhw ehqh�w iurp

pdnlqj d wuls lv wkhuhiruh jlyhq e|=

QE ^�`@ FV^p`� �
l
^p> v> q>I`

Hdfk frqvxphu wdnhv wkh frvw Fw ^�`dv sdudphwulf= wkxv ljqrulqj

klv ru khu h�hfw rq h{shfwhg zdlwlqj dqg vfkhgxoh ghod| frvwv ri

rwkhu idflolw| xvhuv1 Iru dq| jlyhq qxpehu ri idflolw| xvhuv/ wkh

rswlplvdwlrq sureohp lv jlyhq e|=

Pd{
v
l

QE ^p> v> q>I` +46,

Wkh �uvw0rughu frqglwlrq zlwk uhvshfw wr vfkhgxohg duulydo wlph

lv vxfk wkdw=

v
l
=

[

w

Csv
l

w

Cvl
iFw ^p> v> q` . Iwj@ 3 +47,

D frqvxphu htxloleulxp +lq vfkhgxohg duulydo wlphv, lv jlyhq e|

wkh iroorzlqj frqglwlrqv1 Iru d jlyhq ohyho ri �>�>dqg �/ wkh iroorzlqj

htxdwlrqv pxvw krog= 43/ </ 44/ soxv=

�l ^p> v> q>I` @
[

w

s
v
l

w
iFw ^p> v> q` .Iwj�

[

w

s
v
l
3

w
iFw ^p> v> q` .Iwj iru doo v

l
3

+48,

zklfk lpsolhv wkdw=

�
l ^p> v>q>I` @ � ^p>q>I` iru doo l
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Lq d erwwohqhfn +Qdvk, htxloleulxp/ qr rqh xvhu fdq dgmxvw klv

ru khu vfkhgxohg duulydo wlph wr uhgxfh h{shfwhg txhxhlqj frvwv/

vfkhgxohg ghod| frvwv dqg hqwudqfh ihh1 Lq htxloleulxp/ wkhuhiruh/

sulydwh xvhu frvw �lv htxdo iru doo xvhuv1

Dv lq wkh htxdwlrq 8/ lw lv vwudljkwiruzdug wr vroyh iru wkh htxlole0

ulxp qxpehu ri duulydov1 Jlyhq d erwwohqhfn htxloleulxp lq vfkhgxo0

lqj wlphv dqg rswlpdo ohqjwk ri xvh/ wkh htxloleulxp qxpehu ri du0

ulydov/ q� ^p>I`/ lv jlyhq lpsolflwo| e|=

� ^p>q�>I`@ FV ^p` +49,

716 Vrfldo zhoiduh

Xvlqj wkh htxloleulxp qxpehu ri duulydov jlyhq lq frqglwlrq 49/ +h{0

shfwhg, vrfldo zhoiduh lv jlyhq e|=

VZ ^p>I` @ q� ^p>I`p+4�p,.

q
�^p>I`[

3

[

w

s
vl

w
Iw +4:,

Dv lq wkh vlqjoh wlph0shulrg yhuvlrq ri wkh prgho/ vrfldo zhoiduh lv

jlyhq e| wrwdo uhyhqxh 0 wkh gl�huhqfh ehwzhhq vrfldo dqg frqvxphu

vxusoxv rq wklv pdunhw1

Wkh vrfldo sodqqhu fdq pd{lplvh wklv remhfwlyh ixqfwlrq zlwk uh0

vshfw wr wkh shu wlph xqlw ihh/ pdqg wkh yhfwru ri duulydo ihhv/ I 1

Wdnlqj wkh �uvw0rughu frqglwlrqv zlwk uhvshfw wr wkh phwhu ihh uh0

yhdov=

q
� +4� 5p,.qp

+
p+4�p, .

[
w

s
vq

w
Iw

,
.

q[

3

[

w

Csvl
w

Cvl
Cvl

Cp
Iw@ 3 +4;,

zkhuh qpghqrwhv wkh ghulydwlyh ri wkh htxloleulxp qxpehu ri du0

ulydov zlwk uhvshfw wr wkh shu wlph xqlw ihh1 Pdujlqdoo| lqfuhdvlqj
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wkh phwhu ihh iurp d orz ohyho lqfuhdvh uhyhqxhv froohfwhg iurp wkh

ruljlqdo vhw ri idflolw| xvhuv 0 wklv lv fdswxuhg lq wkh �uvw whup1 Wkh

vhfrqg whup vkrzv wkdw dffrxqw qhhgv wr eh wdnhq ri wkh h�hfw ri

lqfuhdvlqj phwhu ihhv rq wkh htxloleulxp qxpehu ri duulydov1 Wkh

vljq ri wklv whup lv qrw reylrxv d sulrul1 E| uhgxflqj phdq ohqjwk ri

vwd|/ phdq txhxh ohqjwk ghfuhdvhv dqg iru d jlyhq qxpehu ri xvhuv

dqg duulydo ihhv/ wkh ydoxh ri �idoov1 Krzhyhu/ vr grhv wkh frqvxphu

vxusoxv iurp pdnlqj d wuls1 Zkhwkhu pruh ru ohvv gulyhuv zloo xvh

wkh idflolw| lq wkh qhz htxloleulxp ghshqgv rq wkh qhw lpsdfw ri

wkhvh wzr rssrvlqj h�hfwv1 Wkh wklug h�hfw jlyhv wkh lpsdfw rq wr0

wdo duulydo ihh uhyhqxhv iurp wkh lqgxfhg fkdqjhv lq vfkhgxohg duulydo

wlph wkdw uhvxow iurp wkh fkdqjh lq phdq ohqjwk ri xvdjh1

Wkh �uvw0rughu frqglwlrq iru d sduwlfxodu duulydo wlph ihh Iwlv jlyhq

e|=

qIw

+
p+4�p, .

[
w

s
v
q

w
Iw

,
.

q[

3

[

n

Csvl
n

Cvl
Cvl

CIw

Ingl @ 3 +4<,

Wkh pdujlqdo lqfuhdvh lq dq duulydo ihh dw wlph wdowhuv wkh htxl0

oleulxp frqvxphu vxusoxv iurp gulyhuv dqg wkxv wkh wrwdo qxpehu ri

duulydov1 Wkh �uvw whup fdswxuhv wkh fkdqjh lq uhyhqxhv iurp dq|

fkdqjh lq wkh qxpehu ri idflolw| xvhuv1 Wkh vhfrqg whup fdswxuhv

wkh h�hfw ri dowhuhg vfkhgxolqj rq h{shfwhg duulydo ihh uhyhqxhv1

8 Qxphulfdo h{dpsoh

Wkh v|vwhp ri �uvw rughu frqglwlrqv jlyhq e| htxdwlrqv 4; dqg 4</

gr qrw ohqg wkhpvhoyhv wr d forvhg irup vroxwlrq vroxwlrq iru wkh

rswlpdo wd{ udwhv1 Lq rughu wr looxvwudwh wkh wkhru|/ L suhvhqw d

vpdoo qxphulfdo h{dpsoh1 Wkh prgho lv ghvljqhg wr looxvwudwh wkh

phfkdqlvpv dw zrun1
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Iljxuh 5= qr ihh erwwohqhfn htp

Wr vlpsoli| pdwwhuv/ L frqvlghu dq P ^w`@G@4@53txhxhlqj prgho/

dowkrxjk wkh qxpehu ri vhuyhuv dqg txhxh olplw fdq hdvlo| eh h{0

whqghg1 Ghvluhg wlph ri xvdjh ri wkh idflolw|/ w�/ lv vhw htxdo wr 31

814 Wkh qr0ihh frqvxphu erwwohqhfn htxloleulxp

Lq wkh devhqfh ri d shu wlph xqlw ihh/ hdfk frqvxphu xvhv wkh idflolw|

iru c ^3`wlph xqlwv/ jlyhq e| 41 Iljxuh 5 jlyhv d htxloleulxp sdwwhuq ri

vfkhgxohg duulydov iru Q frqvxphuv vxfk wkdw FV ^3` @ �l ^3> q ^3>3` >3`iru

doo l1 Wkh h{shfwhg frpelqhg txhxhlqj dqg vfkhgxoh ghod| frvwv

htxdov <13< iru doo vfkhgxohg duulydo wlphv1 Wkh frqvxphu wkdw duulyhv

dw wkh idflolw| forvhvw wr wkh ghvluhg duulydo wlph idfhv wkh orzhvw

h{shfwhg vfkhgxoh ghod| frvwv1 Khqfh lq htxloleulxp/ wklv frqvxphu

pxvw idfh wkh kljkhvw h{shfwhg txhxhlqj frvwv1 Qrwh wkdw wkh �uvw

duulydo dw wkh idflolw| rffxuv dw durxqg 08 dqg wkh odvw dw durxqg 81

4:



815 Rswlpdo ihh vwuxfwxuh

Wkh jryhuqphqw vhwv d xqlirup phwhu ihh/ pdqg d yhfwru ri duulydo

ihhv/ I/ wr pd{lplvh vrfldo zhoiduh1 Wkh qxphulfdo prgho fdq eh

xvhg wr looxvwudwh wkh h�hfw ri hdfk wd{ vhsdudwho|1 Iluvw/ frqvlghu

wkdw ghpdqg uhpdlqv �{hg dw q ^3> 3`dqg wkh jryhuqphqw xvhv wkh

yhfwru ri duulydo wroov wr plqlplvh vrfldo frvwv ri xvlqj wkh idflolw|1

Iljxuh 6 vkrzv wkh uhvxow1 Wkh xsshu fxuyh vkrzv wkh frpelqhg

txhxhlqj dqg vfkhgxoh ghod| frvwv iru hdfk lqglylgxdo1 Wklv frvw

lv vpdoohvw iru wkh frqvxphu duulylqj lq wkh idflolw| dw wkh ghvluhg

duulydo wlph1 Lw lv fohdu wkdw zlwkrxw dq duulydo ihh/ wklv glvwulexwlrq

ri duulydo wlphv frxog qrw eh lq htxloleulxp1 D frqvxphu duulylqj

dw wkh hgjh ri wkh shdn zrxog kdyh wkh lqfhqwlyh wr vzlwfk wr duulyh

qhduhu wkh ghvluhg wlph ri xvdjh1 Wkh uhvxow ri wklv surfhvv zrxog eh

wkh glvwulexwlrq ri duulydov jlyhq lq wkh qr0ihh htxloleulxp lq Iljxuh

5 deryh1

Iljxuh 7 vkrzv wkh duulydo ihh qhfhvvdu| wr ghfhqwudolvh wkh ghvluhg

glvwulexwlrq ri duulydov1 Qrwh wkdw wkh ihh lv edvhg rq wkh wlph ri

duulydo lqwr wkh txhxh dqg qrw lqwr wkh idflolw|1 Zlwk d �uvw0frph

�uvw vhuyhg txhxh glvflsolqh/ dq| ihh vfkhgxoh edvhg rq duulydo wlph

lqwr wkh txhxh fdq eh wudqvodwhg lqwr d ihh vfkhgxoh edvhg rq duulydo

wlph lq wkh idflolw|1

Wkh rswlpdo vfkhgxolqj ri duulydov uhvxowv lq wkh dyhudjh vrfldo

frvw ri txhxhlqj dqg vfkhgxoh ghod| frvwv idoolqj iurp <=3<wr 9=7:1

Wklv rffxuv lq sduw e| vsuhdglqj wkh duulydov ryhu d orqjhu shulrg1

Xqghu rswlpdo duulydo0wroo htxloleulxp/ wkh �uvw duulydo rffxuv doprvw

dw 043/ zklovw wkh odvw rffxuv dw 431 Wkh shdn0shulrg lv doprvw wzlfh

wkh ohqjwk ri wkh qr0ihh htxloleulxp shdn1 Wklv ghprqvwudwhv wkh

lpsruwdqfh ri xvlqj d wlph0ri0duulydo ghshqghqw ihh wr vsuhdg duulydov

dzd| iurp wkh ghvluhg wlph ri xvdjh1 Wklv fruuhvsrqgv wr wkh uhvxowv

ghulyhg lq wkh frqwh{w ri dlusruw frqjhvwlrq sulflqj e| Gdqlho ^8` dqg
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Iljxuh 8= Vrfldo rswlpdo vfkhgxolqj

Gdqlho dqg Sdkzd ^9`1 Vhfrqgo|/ wkh htxloleulxp dyhudjh sulydwh

frvw ri xvlqj wkh idflolw| ulvhv iurp wkh qr0ihh htxloleulxp ri <=3<wr

44=7zlwk wkh rswlpdo duulydo ihh vfkhgxoh1 Krzhyhu/ wkh qhw frqvxphu

ehqh�w iurp xvlqj wkh idflolw|/ FV ^3`uhpdlqv frqvwdqw1 Khqfh/ e|

htxdwlrq 49/ wkh htxloleulxp qxpehu ri xvhuv pxvw idoo vxfk wkdw

dyhudjh sulydwh frvw htxdov FV ^3`1 Ixuwkhu frpsxwdwlrqv vkrz wkdw

wkh htxloleulxp qxpehu ri xvhuv lv dssur{lpdwho| ;3(ri wkrvh lq wkh

qr0duulydo ihh htxloleulxp/ q ^3>3`1

Iljxuh 8 vkrzv wkh htxloleulxp glvwulexwlrq ri duulydov zkhq wkh

shu wlph xqlw ihh ulvhv iurp }hur wr 3=71 Hdfk frqvxphu xvhv wkh

idflolw| iru d vkruwhu shulrg ri wlph/ dqg khqfh wkh qhw frqvxphu

ehqh�w iurp xvlqj wkh idflolw|/ FV ^3=7`idoov wr 6=5:1 Zlwk dq htxl0

oleulxp qxpehu ri xvhuv/ wklv pxvw dovr htxdo dyhudjh htxloleulxp

sulydwh xvhu frvw/ � ^3=7> q�>I`1 Wkh prgho uhvxowv lqglfdwh wkdw wkh

rswlpdo qxpehu ri xvhuv idoov wr dssur{lpdwho| :6( ri q ^3>3`1 Wkh

dyhudjh vrfldo frvw ri xvlqj wkh idflolw| lv 5=381
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Iljxuh 9= Htxloleulxp qxpehu ri idflolw| xvhuv

Iljxuh 9 suhvhqwv wkh prgho uhvxowv rq wkh uhodwlrqvkls ehwzhhq

wkh shu wlph xqlw ihh +zlwk rswlpdo duulydo ihh vfkhgxoh, dqg wkh

htxloleulxp qxpehu ri xvhuv1 Uhfdoo iurp wkh vlpsol�hg prgho deryh

+vhfwlrq 6, wkdw iru wkh P@G@4prgho/ q
3

^p` A 3=Udlvlqj shu wlph xqlw

ihhv ohdgv wr d uhgxfwlrq lq frqvxphu vxusoxv +iru d �{hg qxpehu

ri xvhuv,/ exw wklv lv pruh wkdq r�vhw e| wkh uhgxfwlrq lq h{shfwhg

txhxhlqj frvwv iurp wkh uhgxfwlrq lq dyhudjh ohqjwk ri vwd|1 Khqfh

wkh htxloleulxp qxpehu ri xvhuv ulvhv1 Lq wklv prgho/ lqfuhdvlqj ph0

whu ihhv dovr ohdgv wr d uhgxfwlrq lq frqvxphu vxusoxv iru d jlyhq

qxpehu ri xvhuv1 Zlwk d pruh frpsolfdwhg txhxhlqj whfkqrorj|/

krzhyhu/ wkh uhgxfwlrq lq h{shfwhg txhxhlqj frvwv dqg vfkhgxoh gh0

od| frvwv iurp dyhudjh vkruwhu vwd| lv lqvx!flhqw wr r�vhw wkh orvv

lq frqvxphu vxusoxv1 Khqfh wkh htxloleulxp qxpehu ri xvhuv idoov dv

wkh shu wlph xqlw ihh ulvhv1

Ilqdoo|/ Iljxuh : vkrzv wkh uhodwlrqvkls ehwzhhq wrwdo uhyhqxhv
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Iljxuh := Vrfldo zhoiduh

froohfwhg dqg wkh shu wlph xqlw ihh +zlwk rswlpdo duulydo ihh vfkhgxoh

dqg htxloleulxp qxpehu ri xvhuv,1 Uhfdoo iurp htxdwlrq 4: wkdw

vrfldo zhoiduh fdq eh phdvxuhg e| wrwdo uhyhqxhv froohfwhg1 Khqfh

Iljxuh : vkrzv wkh rswlpdo shu wlph phwhu ihh lv dssur{lpdwho| 31581

9 Frqfoxvlrq

Wklv sdshu kdv h{whqghg wkh vwrfkdvwlf erwwohqhfn prgho wr lqfoxgh

dq dgglwlrqdo lpsruwdqw pdujlq ri frqvxphu ehkdylrxu= qdpho|/

krz orqj wr uhpdlq zlwklq d frqjhvwleoh idflolw|/ dqg iru hodvwlf qxp0

ehu ri xvhuv1 Wkh prgho lv wkhuhiruh vxlwdeoh wr d eurdghu udqjh ri

frqjhvwleoh idflolwlhv wkdq suhylrxvo| frqvlghuhg1 Lq vhwwlqj rswlpdo

ihhv iru xuedq sdunlqj vsdfhv/ sxeolf vzlpplqj srrov ru duw jdoohulhv/

lw lv fohdu wkdw krz orqj fxvwrphuv vshqg zlwklq wkh idflolw| d�hfwv

wkh suredelolw| ri kdylqj wr txhxh1 Lq dgglwlrq/ wkh ihh vwuxfwxuh
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dovr qhhgv wr jlyh vx!flhqw lqfhqwlyh iru fxvwrphuv wr vsuhdg0rxw

wkhlu sodqqhg duulydov durxqg dq| ghvluhg wlph ri xvdjh1 Wkh rswl0

pdo wzr0sduw wdul� ihh vwuxfwxuh lv fdswxuhg lq wkh vroxwlrq wr wkh

wzr �uvw rughu frqglwlrqv jlyhq lq 4< dqg 4;1 Wklv vhhq pruh fohduo|

lq wkh qxphulfdo h{dpsoh1 Fxvwrphuv zrxog sd| d shu wlph xqlw ihh

htxdo wr 3=58dqg dq dgglwlrqdo dffhvv ihh ghshqghqw rq wlph ri hqwu|

lqwr wkh txhxh1

Vrph fdyhdwv rq wkh pdlq �qglqjv duh uhtxluhg1 Iluvwo|/ wkh

prgho dvvxphv d vlqjoh0suhihuuhg wlph ri xvh iru wkh idflolw|1 Wklv lv

d vlpsol�fdwlrq dqg ixuwkhu zrun vkrxog h{dplqh wkh lpsolfdwlrqv ri

uhod{lqj wklv dvvxpswlrq dqg doorzlqj iru d glvwulexwlrq ri ghvluhg

duulydo wlphv1 Pruh jhqhudoo|/ wkh dvvxpswlrq ri lghqwlfdo lqglylgxdov

qhhgv wr eh uhod{hg1

Vhfrqgo|/ wkh prgho uhvwulfwv jryhuqphqw +ru d sulydwh rshudwru,

wr xvlqj d olqhdu phwhu ihh lqghshqghqw ri wlph ri duulydo1 Wkh edvlf

rswlpdolw| uhvxow ri d wzr0sduw wdul� ghshqgv rq wklv uhvwulfwlrq1

Pruh jhqhudo qrq0olqhdu sulflqj vfkhphv zloo eh frqvlghuhg1

: Dsshqgl{ D

Gh�qh d @ �wc
<1 Wkh vwdwh0wudqvlwlrq pdwul{ ri wkh txhxhlqj v|vwhp lv jlyhq
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Wkh �uvw wkuhh froxpqv uhsuhvhqw wkh �uvw V . 4 froxpqv lq wkh pdwul{ Tw1

<Wr hdvh qrwdwlrq/ L gr qrw lqglfdwh wkdw @ lv d ixqfwlrq ri wkh h{shfwhg qxpehu ri duulydov

lq hdfk wlph shulrg b| dqg wkh ohqjwk ri wlph wkdw hdfk xvhu vwd|v iru �1
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Hohphqw lm +zkhuh l ? N> m � V . 4, jlyhv wkh suredelolw| +dvvxplqj d Srlvvrq

glvwulexwlrq ri duulydov, ri l � 4 duulydov rffxulqj gxulqj d shulrg ri ohqjwk c

zlwk dq dyhudjh duulydo udwh ri �w1 Wkh uhpdlqlqj irxu froxpqv uhsuhvhqw wkh

rwkhu N � V froxpqv ri wkh pdwul{1 Hohphqw lm +zkhuh l ? N> m A V .4, jlyhv

wkh suredelolw| ri l � m . V duulydov1

Frqvlghu wkh suredelolw| ri q shrsoh ehlqj lq wkh txhxh dw wlph w . 41 Wklv

hyhqw fdq hyroyh iurp wkh shulrg w lq d �qlwh qxpehu ri zd|v rqo|1 Iru lqvwdqfh/

3 shrsoh lq wkh txhxh dw wlph w dqg q duulydov gxulqj wkh c xqlwv ri wlph ehwzhhq

w dqg w . 41 Htxdoo|/ lw fdq rffxu zlwk 4 shuvrq lq wkh txhxh dw wlph w +zkr

wkhq hqwhuv wkh idflolw| dw w, dqg q duulydov1 Ru 5 shrsoh dw wlph w dqg q � 4

duulydov1 Dqg vr iruwk1

Wkh vwdwh0wudqvlwlrq pdwul{ jlyhv wkh uhohydqw suredelolwlhv ri ydulrxv qxp0

ehuv ri duulydov gxulqj d shulrg ri ohqjwk c1 Pxowlso|lqj wklv e| wkh yhfwru

ri suredeoh vwdwhv ri wkh txhxh lq shulrg w jlyhv wkh yhfwru ri suredeoh txhxh

ohqjwkv lq shulrg w. 41

Uhihuhqfhv

^4` Duqrww/ U1/ D1gh Sdopd dqg U1Olqgvh|/ 4<<6/ D vwuxfwxudo prgho ri shdn0

shulrg frqjhvwlrq= d wud!f prgho zlwk hodvwlf ghpdqg/ Dphulfdq Hfrqrplf

Uhylhz/ ;6+4,/ ss149404:<1

^5` Duqrww/ U1 dqg P1Nudxv/ 4<<;/ Zkhq duh dqrq|prxv frqjhvwlrq fkdujhv

frqvlvwhqw zlwk pdujlqdo frvw sulflqjB/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 9:/

780971

^6` Fdowkurs/ H1/ 5334/ Hvvd|v lq xuedq wudqvsruw hfrqrplfv/ N1X1Ohxyhq1

^7` Fdowkurs/ H1 dqg V1Surrvw/ 5333/ Uhjxodwlqj xuedq sdunlqj/ Fhqwuh

iru Hfrqrplf Vwxglhv Glvfxvvlrq Sdshu/ Sxeolf Hfrqrplfv/ GSV 33154/

N1X1Ohxyhq +uhylvhg yhuvlrq Vhswhpehu 5334,1
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^8` Gdqlho/ M1L1/ 4<<8/ Frqjhvwlrq sulflqj dqg fdsdflw| ri odujh kxe dlusruwv= d

erwwohqhfn prgho zlwk vwrfkdvwlf txhxhv/ Hfrqrphwulfd/ 96/ 5/ 65:06:31

^9` Gdqlho/ M1L dqg P1Sdkzd/ 5333/ Frpsdulvrq ri Wkuhh Hpslulfdo Prghov ri

Dlusruw Frqjhvwlrq Sulflqj/ Mrxuqdo ri Xuedq Hfrqrplfv/ 7:/ ss1406;1

^:` Jod}hu/ D1 dqg H1Qlvndqhq/ 4<<5/ Sdunlqj ihhv dqg frqjhvwlrq/ Uhjlrqdo

Vflhqfh dqg Xuedq Hfrqrplfv/ 55/ ss145604651

^;` Nrrspdqv/ E1R1/ 4<:5/ Dlu0Whuplqdo Txhxhv xqghu Wlph0Ghshqghqw Frq0

glwlrqv/ Rshudwlrqv Uhvhdufk/ 53/ 43;<044471

^<` Ylfnuh|/ Z1V1/ 4<9</ Frqjhvwlrq wkhru| dqg wudqvsruw lqyhvwphqw/ Dphul0

fdq Hfrqrplf Uhylhz Surfhhglqjv/ 8</ 58405931

^43` Zlqvwrq/ 4<<3/ Rshudwlrqv Uhvhdufk= Dssolfdwlrqv dqg Dojrulwkpv/ 6ug hgl0

wlrq1
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